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PROJECTIVITY AND BIRATIONAL GEOMETRY OF BRIDGELAND 

MODULI SPACES 

AREND BAYER AND EMANUELE MACRI 



Abstract. We construct a family of nef divisor classes on every moduli space of stable 
complexes in the sense of Bridgeland. This divisor class varies naturally with the Bridge- 
land stability condition. For a generic stability condition on a K3 surface, we prove that 
this class is ample, thereby generalizing a result of Minamide, Yanagida, and Yoshioka. 
Our result also gives a systematic explanation of the relation between wall-crossing for 
Bridgeland-stability and the minimal model program for the moduli space. 

We give three applications of our method for classical moduli spaces of sheaves on a 
K3 surface: 

r *n ■ 1 . We obtain a region in the ample cone in the moduli space of Gieseker-stable sheaves 

only depending on the lattice of the K3. 

2. We determine the nef cone of the Hilbert scheme of n points on a K3 surface of 
,-£h \ Picard rank one when n is large compared to the genus. 

3. We verify the "Hassett-Tschinkel/Huybrechts/Sawon" conjecture on the existence of 
a birational Lagrangian fibration for the Hilbert scheme in a new family of cases. 
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2 arend bayer and emanuele macri 

1. Introduction 

In this paper, we give a canonical construction of determinant line bundles for moduli 
spaces of Bridgeland-semistable objects. Our construction has two advantages over the 
classical construction for semistable sheaves: our divisor class varies naturally with the 
stability condition, and we can show — with a purely categorical proof, based on results 
by Abramovich and Polishchuk — that our divisor is automatically nef. This leads to more 
precise results even in the case when the moduli space coincides with a classical moduli 
space of Gieseker- stable sheaves. In the case of K3 surfaces, we use it to prove projectivity 
of the moduli space, which generalizes a recent result of Minamide, Yanagida, and Yosh- 
ioka. Our construction also explains a picture envisioned by Bridgeland, and observed in 
examples by Arcara-Bertram and others, that relates wall-crossing under a change of sta- 
bility condition to the birational geometry and the minimal model program of the moduli 
space. 

Moduli spaces of complexes. The importance of moduli spaces of complexes first ap- 
peared in Bridgeland's flop construction: in [|Bri021 |VdB041 , it is shown that a flop of 
a smooth threefold can be interpreted as a moduli space parameterizing "perverse ideal 
sheaves" in the bounded derived category of coherent sheaves. More recently, moduli 
spaces of complexes have turned out extremely useful in Donaldson-Thomas theory; see 
HTodlll for a survey and llPT09l IJS081 IKS081 |Bay09[ ITod091 ITodlOl iBrTTTTl for related 
results. 

In the ideal situation, the necessary notion of stability of complexes can be given in 
terms of Bridgeland's notion of a stability condition on the derived category, introduced 
in HBri07i One of the advantages of Bridgeland's notion of stability over other construc- 
tions (as in HTod09[ Bay09]) is that the space of Bridgeland stability conditions admits a 



well-behaved wall and chamber structure which controls when a variation of the stabil- 
ity condition changes the moduli space of stable objects with given invariants. However, 
unlike in the case of Simpson- or Gieseker-stability for sheaves, Bridgeland's notion does 
not appear to be connected to a GIT problem in general. As a consequence, while there 
are well-established methods to prove the existence of moduli spaces as Artin stacks, or 
as algebraic spaces (due to the work in f|Ina021 |Lie 06, Tod08, AP06]), there are so far 
only ad-hoc methods to prove projectivity of moduli spaces, or to construct coarse moduli 
spaces. 

In this paper, we propose a solution to this problem by constructing a family of nu- 
merically positive divisor classes on any moduli space of Bridgeland- stable complexes. 
While our approach is very general, we concentrate on the case of K3 surfaces. In this 
situation, Bridgeland has given an explicit description of (a connected component of) the 
space of stability conditions in [Bri08], and Toda has proved existence of moduli stacks 
of semistable objects as Artin stacks of finite type over C in [[Tod08|. In Section 16 of the 
arXiv-version of [Bri08|, Bridgeland proposed the following conjecture: 
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Conjecture 1.1 (Bridgeland). Given a stability condition a, and a numerical equivalence 
class v, there exists a coarse moduli space M a {v) of complexes of numerical type v which 
are o-semistable. Changing the stability condition will produce birational morphisms 
between these coarse moduli spaces. 

Our results give a partial proof of this conjecture. They give a close relation between 
walls in the space of stability conditions, and walls in the movable cone of the moduli 
space separating the ample cones of different birational models. 

A family of nef divisors on Bridgeland-moduli spaces. Let X be a smooth projective 
variety over the complex numbers. We denote by D b (X) the bounded derived category 
of coherent sheaves on X and by Stab(X) the space of Bridgeland stability conditions on 
D b (X). (In Section[2]we recall the basic properties of Bridgeland stability conditions.) 

Given a stability condition a = (Z, A) E Stab(X) and a choice of numerical invariants 
v, assume that we are given a family of cr-semistable objects of class v parametrized by 
S (for example, S could be the fine moduli space M a {y) of stable objects, if that exists). 
Let 8 E D b (S x X) be a universal family. Then we can define a class t a {v) E N l (S) as 
follows: To every curve Cc5,we associate 

(!) 4:[CW4 . G:= sf_^!))' 

V z ( v ) 

where $g: D b (S') — > D b (X) is the Fourier-Mukai functor with kernel S, and Oc is the 
structure sheaf of C . It is easy to prove that £ CT defines a numerical divisor class £ E NS(S). 
Our main result, the Positivity Lemma l33l implies: 

Theorem 1.2. The divisor class t a is nef. Further, for a curve C, we have £ a .C = if 
and only if for two general closed points c, c' E C, the corresponding objects £ c , £ c i are 
S-equivalent. 

(Recall that two objects semistable are S-equivalent if their Jordan-Holder filtrations 
into stable factors of the same phase have the same stable factors, up to reordering.) While 
our class i a can also be given as a determinant line bundle, our construction avoids any ad- 
ditional choices: it depends only on the choice of a stability condition. It's main advantage 
is that we can show its positivity property directly, without having to use GIT construc- 
tions as for example in HLP92L Further, when we vary o within a chamber of Stab(X) 
for which M a (v ) remains constant, we obtain a family of nef divisors. In examples, this 
family covers the entire nef cone of M a {v). 

The proof of Theorem 11.21 will take the whole Section |3] The basic ingredient is a 
construction by Abramovich of Polishchuk in [AP06l lPol071l : Given the t-structure on X 
associated to the Bridgeland stability condition, their construction produces a t-structure 
on D b (S' x X), for any scheme S. This categorical ingredient allows us to transfer the 
basic positivity of the "central charge", see equation @, to the positivity of £ a as a divisor. 
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Chambers in Stab(X) and the nef cone of the moduli spaces. Consider a chamber C 
for the wall-and-chamber decomposition with respect to v, then the moduli space M a {y) 
(if it exists) is constant for a E C. We thus obtain an essentially linear map 

(2) I: C^Nei(M a (v)). 

This immediately begs for the following two questions: 

Question 1: Do we actually have 1(C) C Amp(M c {v))1 
Question 2: What will happen at the walls of C? 

In the case of K3 surfaces, we give a complete answer to the first question, and an almost- 
complete answer to the second question. 

K3 surfaces: Projectivity of the moduli spaces. We now restrict to the case where X 
is a smooth projective K3 surface. In HMYYllal IMYYllbl , the authors use a beauti- 
ful observation to reinterpret any moduli space of Bridgeland-semistable complexes on a 
K3 surface with Picard rank one as a moduli space of Gieseker-semistable sheaves on a 
Fourier-Mukai partner Y of X. Using an extension of their idea, we show that t a gives an 
ample divisor on the moduli space: 

Theorem 1.3. Let X be a smooth projective K3 surface, and let v 6 H* lg (X, Z). Assume 
that we are given a stability condition which is "generic" with respect to v. Then: 

(a) There exists a coarse moduli space M ff (v) of a-semistable objects with Mukai 
vector v. It is a normal projective irreducible variety with Q-factorial singulari- 
ties. 

(b) The class E ff (v) induces an ample divisor class on M a (v). 

This generalizes HMYYllbl Theorem 0.0.2], which shows projectivity of M ff (v) in the 
case where X has Picard rank one. The stability condition a is "generic" if it does not lie 
on a wall in the wall and chamber decomposition of Stab(X) with respect to v. 

K3 surfaces: Wall-crossing and birational geometry of the moduli spaces. One can 

hope to use Theorem II .21 to understand how the moduli space changes when we vary the 
stability condition a, i.e., to understand wall-crossing. The first step is to understand what 
happens when a is not generic; we consider this in the case where v is a primitive class. 

Let W be a wall of the chamber decomposition for v. Let g be a generic point of W, 
and let g + , a_ be two generic stability conditions inside the two chambers adjacent to gq. 
By Theorem II .3 [ both moduli spaces M± := M a± (v) are non-empty irreducible symplec- 
tic projective manifolds. Since being semistable is a closed condition in Stab(X), the 
universal families E± on M± are in particular families of o" -semistable objects. Theorem 
|1.2| also applies in this situation, and thus g produces nef divisor classes £ ,± on M±. In 
Section |Vj we prove: 
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Theorem 1.4. Let X be a smooth projective K3 surface, and let v G H* lg (X, Z) be a 
primitive vector. 

(a) The divisor classes £ 0: ± are big and nef, and they induce contraction morphisms 

tt ct± : M± -> Kfc, 

where Y± are normal irreducible projective varieties. 

(b) If there exist a -stable objects, and if their complement in M± has codimension 
at least two 2, then there are the following two possibilities: 

• If either £ 0>+ or £ _ is ample, then they are both ample, and the birational 
map 

U :M + -*M_ 

obtained by crossing the wall in cr extends to an isomorphism. 

• If&a,± is not ample, then f ao : M + — » M_ is the flop induced by £ 0>+ . More 
precisely, we have a commutative diagram of birational maps 

M a+ (v) -M CT », 




= r_ 

and f* £ ,~ = 4>,+- 

Note that our Theorem does not say anything about the cases where there are no a - 
stable objects, or the case where their complement has codimension oneo 

They key point is to show that £ ,± is big; we reduce this to the case of stable sheaves, in 
which case it was proven by Yoshioka by deformation to the Hilbert scheme in HYosOlbi 
In some examples (including those considered in [ABL07, MM11J), we can also show 
that Y± is a connected components of the coarse moduli space of <To-semistable objects 
of class v. It is also worth pointing out that the contraction morphism from the moduli 
space of Gieseker- stable sheaves to the Uhlenbeck moduli space of /i-semistable sheaves 
(see HLJ93II ) is a particular example of the contraction morphism n a+ ; this was observed 



on the level of sets of semistable objects in [LQ11 1, and on the level of moduli spaces in 



the recent preprint HLol21 . We study many more examples of wall-crossing behavior in 
terms of our picture in Sections |8]and |9] 

Nef cones of moduli spaces of stable sheaves. Our Positivity Lemma and Theorem 11.21 
can give more precise results on the nef cone of the moduli space even in the situation 
where M a (v) is a classical moduli space of sheaves. We give two such example applica- 
tions: 



Our only result on the latter case is Lemma 19.101 which shows that in this case, we have fo,+ = h.- 
under the natural identification of the Neron-Severi groups of Mo,±. 
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• In Corollary 18. 14[ we determine a region of the ample cone of the moduli space 
of Gieseker- stable sheaves on X that depends only on the lattice of X. 

• In Proposition 19.31 we determine the nef cone of the Hilbert scheme of n points 
on a K3 surface of Picard rank one and genus g for n > | + 1. Our result shows in 
particular that [IHT101 Conjecture 1.2] will need to be modified (see Remark WM . 

The strength of our approach is that it can produce both nef divisors (by Theorem [L2l and 
extremal curves of the Mori cone (as curves of ^-equivalent objects on the wall) at the 
same time. 

Lagrangian fibrations for the Hilbert scheme. Let X be a surface with Pic X = Z ■ H, 
and of degree d = \H 2 . We consider the Hilbert scheme Hilb n (X) of n points on X. 
According to a long-standing conjecture, which appeared in print in articles by Hassett- 
Tschinkel [HT01], Huybrechts [GHJ03] and Sawon |iSaw03H . and had been proposed ear- 
lier (see [VerlO]), the Hilbert scheme admits a birational model that has a Lagrangian 
fibration if and only if d = p-(n — 1) form some integers k, h. While the only if part is 
clear, the other direction has only been proved for h = 1, independently by Markushevich 
in HMar06ll and Sawon in HSaw07L We also point out that the case k = 1 follows from a 
recent paper by Kimura and Yoshioka, see [ KYll|| n 

We give a proof of the conjecture in the case h = 2, and interpret all birational models 
as moduli spaces of Bridgeland- stable objects: We denote by H C Hilb n (X) the divisor 
of subschemes intersecting a given curve in the linear system \H\, and by B C Hilb n (X) 
be the reduced divisor of non-reduced subschemes. 

Theorem 19.81 Let X be a K3 surface with Pic X = 7h ■ H and H 2 = 2d. Assume that 
there is an odd integer k with d = K-(n — ■ I) for some integer n. Then: 

(a) The movable cone Mov(Hilb n (X)) is generated by H and 2H — kB. 

(b) The morphism induced by H is the Hilbert-to-Chow morphism, while the one 
induced by 2H — kB is a Lagrangian fibration. 

(c) All minimal models for Hilb n (X) arise as moduli spaces of stable objects in 
D b (X) and their birational transformations are induced by crossing a wall in 
Stab f (X). 

Some relations to existing work. Our construction was inspired by the results of [ABCH12 ]. 

The authors studied wall-crossing for the Hilbert scheme of points on P 2 , and found a sur- 
prisingly direct relation between walls Stab(P 2 ) and walls in the movable cone of the 
Hilbert scheme separating nef cones of different birational models. 



Their construction can be described in quite classical terms: in this case, a generic element ly g 
Hilb"(X) admits a unique map 0(—h ■ H) =-> Iy\ generically, the cokernel will be stable and thus an 
element of M(0, h ■ H, 1), which admits a Lagrangian fibration. 
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In their case, the variation of moduli spaces can also be seen as a variation of GIT 
parameters, via the classical monad construction. More precisely, stable complexes with 
respect to a Bridgeland stability condition can be seen as ^-stable representations of a 
Beilinson quiver for P 2 , in the sense of King [Kin94J. In this case, our divisor class £ a 
agrees with the ample divisor coming from the affine GIT construction of these moduli 
spaces. More generally, our family of nef divisors generalizes a construction by Craw and 
Ishii in [CI04] that produces a family of nef divisors on moduli spaces of ^-stable quiver 
representations. 

The analogue of Theorem II .31 for abelian surfaces has been proved in HMYYllbH : a 
different method to prove projectivity was established in [M Mll[[Macl2H . 

Our main result implies that knowing the precise location of walls in Stab(X) has im- 
mediate applications to the geometry of the nef cone and the movable cone of the mod- 
uli spaces of stable objects. Various authors have considered the geometry of walls in 
Stab(X) explicitly: first examples were found by Arcara and Bertram in HABL071IAB11B : 
the case where X is an abelian surface has been studied by Minamide, Yanagida and Yosh- 
ioka in HMYY 1 1 al IMYY 1 lbl IYYI2I . and by Meachan and Maciocia in HMMllllMacT2ll : 
Lo and Qin studied the case of arbitrary surfaces in flLQll] . As an example, our Corollary 
18. 141 is a straightforward combination of our main result and the main result of Kawatani 
in UKawllH : the above-mentioned authors had all used similar methods. 

Our construction, and specifically Corollary 18.141 may prove useful for Le Potier's 
Strange Duality Conjecture, see HLP051 and HMOYIOL While Le Potier's construction 
produces line bundles with sections, it is more difficult to show that these line bundles are 
nef; the Positivity Lemma can fill this gap. 

It would be very interesting to relate our picture to results by Markman on the movable 
cone in [Marl 1 J. Markman proves that the closure of the movable cone is a fundamental 
domain for a natural group action on the cone of big divisors. The group is generated by 
reflections, which presumably correspond to walls where Zo,± induce divisorial contrac- 
tions; we expect them to behave similarly to the "bouncing walls" appearing in Sections 
[8] and |9j The two maps l± of equation © for the two adjacent chambers can likely be 
identified via the monodromy operators introduced in [Mar08l lMar03ll . 



Open questions. Theorem |1.41 and in particular case ® , does not treat the case of "totally 
semistable walls", which is the case where there is no cr -stable complex. Proving a similar 
result in general would lead to further progress towards determining the movable cone for 
moduli spaces of stable sheaves (for general results and conjectures on the movable cone 
for an Hyperkahler manifold, see HHT091 IHT10I ); in particular, it would likely imply the 
above-mentioned conjecture on Lagrangian fibrations for any moduli space of Gieseker- 
stable sheaves on a K3 surface. 
We will treat this case in [BMJ. 
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Notation and Convention. For an abelian group G and a field k(— Q, R, C), we denote 
by Gk the A;-vector space G <g> k. 

Throughout the paper, X will be a smooth projective variety over the complex numbers. 
For a (locally-noetherian) scheme (or algebraic space) S, we will use the notation D b (S') 
for its bounded derived category of coherent sheaves, D qc (S) for the unbounded derived 
category of quasi-coherent sheaves, and Ds-perf(S x X) for the category of S-perfect 
complexes. (An ^-perfect complex is a complex of (9s x x -modules which locally, over S, 
is quasi-isomorphic to a bounded complex of coherent shaves which are flat over S.) 

We will abuse notation and denote all derived functors as if they were underived. We 
denote by ps and px the two projections from S x X to S and X, respectively. Given 
S E T) qc (S x X), we denote the Fourier-Mukai functor associated to E by 

We let K num (X) be the numerical Grothendieck group of X and denote by x(~) (resp., 
X{~, -)) the Euler characteristic on K num (X): for E,F E D b (X), 

x(E) = Y,(-V P h p (X,E) 

p 

X(E,F) = J2(-±T^(E,F). 

p 

We denote by NS(X) the Neron-Severi group of X, and write N^X) := NS(A) K . The 
space of full numerical stability conditions on D b (X) will be denoted by Stab (AT). 

Given a complex E E D b (X), we denote its cohomology sheaves by %*{E). The 
skyscraper sheaf at a point x E X is denoted by k(x). For a complex number z E C, we 
denote its real and imaginary part by ^Rz and $tz, respectively. 
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For a K3 surface X, we denote the Mukai vector of an object E E D b (X) by v(E). 
We will often write it as v(E) = (r, c, s), where r is the rank of E, c E NS(X) and s the 
degree of v (E). For a spherical object S we denote the spherical twist at S by STs(_), 
defined in rfSTOTll by the exact triangle, for all E E D b (X), 

Hom*(5, E) <g> S -> E ->• ST S (E). 

2. Review: Bridgeland stability conditions 

In this section, we give a brief review of stability conditions on derived categories, as 
introduced in [BriOTl. 

Let X be a smooth projective variety, and denote by D b (X) its bounded derived cate- 
gory of coherent sheaves. A full numerical stability condition a on D b (X) consists of a 
pair (Z, A), where Z : K ama (X) — > C is a group homomorphism (called central charge) 
and A C D b (X) is the heart of a bounded t-structure, satisfying the following three prop- 
erties: 

(a) For any ^ E E A the central charge Z(E) lies in the following semi-closed 
upper half-plane: 

(3) Z(E) EU:=HUR <0 = M >0 • e {0 ' 1] - in 

This positivity condition is the essential ingredient for our positivity result. One could 
think it as two separate positivity conditions: ^sZ defines a rank function on the abelian 
category A, i.e., a non-negative function rk: A — > M>o that is additive on short exact se- 
quences. Similarly, — tftZ defines a degree function deg: A — > R, which has the property 
that ik(E) = =>- deg(-E) > 0. We can use them to define a notion of slope-stability with 
respect to Z on the abelian category A via the slope fi(E) = r c k g ,U . 

(b) With this notion of slope- stability, every object in E E A has a Harder-Narasimhan 
filtration = E ■=->■ E\ c -> . . . °-> E n = E such that Ei/E^i are Z-semistable, 
with n{E 1 /E ) > fiiEi/Eh) >■■■> yL(E n /E n - X ). 

(c) There is a constant C > such that, for all Z-semistable object E E A, we have 

\\E\\<C\Z(E)\, 

where ||*|| is a fixed norm on K nmn (X) <g> WL. 

The last condition was called support property in HKS08H . and is equivalent (see HBM1U 
Proposition B.4]) to Bridgeland's notion of a full stability condition. 

Definition 2.1. A stability condition is called algebraic if its central charge takes value in 

QeQv^- 

As K num (X) is finitely generated, this implies that the image of Z is a discrete lattice 

inC. 
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Given (Z,A) as above, one can extend the notion of stability to D b (X) as follows: 
for G (0, 1], we let V((f)) C A be the full subcategory Z-semistable objects with 
Z(E) G R>oe 1 ^; for general 0, it is defined by the compatibility V((f) + n) = V(4>)[n]. 
Each subcategory V((f)) is extension-closed and abelian. Its nonzero objects are called 
a-semistable of phase <\>, and its simple objects are called o-stable. Then each object 
E G D b (X) has a Harder-Narasimhan filtration, where the inclusions E^\ C Ei are re- 
placed by exact triangles E^x — > Ei — > Ai, and where A4 are a-semistable of decreasing 
phases 0j. The category V(4>) necessarily has finite length. Hence every object in V(<p) 
has a finite Jordan-Holder filtration, whose filtration quotients are a-stable objects of the 
phase </>. Two objects A, B G V{4>) are called S-equivalent if their Jordan-Holder factors 
are the same (up to reordering). 

The set of stability conditions will be denoted by Stab(X). It has a natural metric 
topology (see HBri071 Prop. 8.1] for the explicit form of the metric). Bridgeland's main 
theorem is the following: 

Theorem 2.2 (Bridgeland). The map 

Z: Stab(X) ^Hom(X num (X),C), (Z,A)^Z, 

is a local homeomorphism. In particular, Stab(X) is a complex manifold of finite dimen- 
sion equal to the rank ofK num (X). 

In other words, a stability condition (Z, A) can be deformed uniquely given a deforma- 
tion of its central charge Z. 

Let us now fix a class v G K nnm (X), and consider the set of cr-semistable objects 
E G D b (X) of class v as a varies. The proof of the following statement is essentially 
contained in HBri081 Section 9]; see also HBM111 Proposition 3.3] and HTod08l Prop 2.8]: 

Proposition 2.3. There exists a locally finite set of walls (real codimension one submani- 
folds with boundary) in Stab(X), depending only on v, with the following properties: 

(a) When o varies within a chamber, the sets of a-semistable and o-stable objects of 
class v does not change. 

(b) When o lies on a single wall W C Stab(X), then there is a a-semistable object 
that is unstable in one of the adjacent chambers, and semistable in the other 
adjacent chamber. 

(c) When we restrict to an intersection of finitely many walls Wx, . . . , Wk, we obtain 
a wall-and-chamber decomposition on Wx fl • • • fl Wk with the same properties, 
where the walls are given by the intersections W fl Wx fl • • • fl Wkfor any of the 
walls W C Stab(X) with respect to v. 

If v is primitive, then a lies on a wall if and only if there exists a strictly a-semistable 
object of class v. The Jordan-Holder filtration of a-semistable objects does not change 
when a varies within a chamber. 
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Definition 2.4. Let v G K num (X). A stability condition is called generic with respect to 
v if it does not lie on a wall in the sense of Proposition [23] 

We will also need the following observation, which is a small variant of [Tod08 , Lemma 
2.9]: 

Lemma 2.5. Consider a stability condition a = (Z,A) with Z(v) = — 1. Then there are 
algebraic stability conditions o^ = (Z iy Ai) for i = 1, . . . , m nearby a with Z^iv) = — 1 
such that: 

(a) For each i, an object of class v is Oi-stable or Oi-semistable if and only if it is 
o -stable or o-semistable, respectively. 

(b) The central charge Z is in the convex hull of{Zi, . . . , Z n }. 

Proof. If v is generic, this follows immediately from Theorem 12.21 and Proposition [231 
and the density of algebraic central charges Hom(K num (X), Q © iQ) inside the vector 
space Hom(X num (X), C). Once we restrict to the subset Z{y) = — 1, any wall is locally 
defined by a linear rational equation of the form ^sZ(w) = 0, where w G X num (X) is the 
class of a destabilizing subobject, and thus the claim follows similarly. □ 

Remark 2.6. There are two group actions on Stab(X), see HBri07[ Lemma 8.2]: the 
group of autoequivalences Aut(D b (X)) acts on the left via $(Z, A) = [Z o &- 1 , $(A)), 
where $ G Aut(D b (X)) and $* is the automorphism induced by $ at the level of nu- 
merical Grothendieck groups. The universal cover GL 2 (R) of the group GL^(R) of ma- 
trices with positive determinant acts on the right as a lift of the action of GL^(R) on 
Hom(X num (A), C) = Hom(X num (A), R 2 ). 

3. POSITIVITY 

In this section we prove our main result, Positivity Lemma 1331 

We consider any smooth projective variety X with a numerical stability condition a = 
(Z, A) on D b (X). Let us first recall the definition of flat families, due to Bridgeland: 

Definition 3.1. Let A C D b (A) be the heart of a bounded t-structure on D b (A). Let S be 
an algebraic space of finite type over C, and let £ G D 5 .p Cr f (S x X). We say that £ is flat 
with respect to A if, for every closed point s G S, the derived restriction £ s belongs A. 

Let v G K num (X) be a class with Z{v) = — 1, and denote by Wl be the moduli stack 
of flat families of cr-semistable objects of class v and phase 1 (we will make this notion 
precise in Section [5J in the case of K3 surfaces). Our construction in this section gives 
a version of Theorem II .21 for the stack DDT; we will discuss how it extends to the coarse 
moduli space (when it exists) in Section [4] 
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Proposition and Definition 3.2. To any projective curve C with a map C — )■ Wl we 
associate a number l a .C as follows: let £ G D b (C x X) be the corresponding universal 
family, and let $£ : D b (C) —¥ D b (X) be the associated Fourier-Mukai transform. Then 

(4) L-C := %Z($ g (O c )). 

This has the following properties : 

(a) Modifying the universal family by tensoring with a pull-back of a line bundle on 
C does not modify t a .C. 

(b) We can replace Oq in equation (|4]) by any line bundle on C, without changing 
l c .C. 

We will think of £ a as a divisor class in N 1 (99?) . 

Proof. If c G C, then replacing the universal family by £' = £ <g> p*O c (c) effects the 
Fourier-Mukai transform by 

[$e>iPc)] = [®e(O c )\ + [®s(Hc))} = [*e(O c )]+v. 
As QZ(v) = 0, this proves claim fla)), and similarly ® . □ 

Positivity Lemma 3.3. The divisor class £ a is nef: t a .C > 0. Further, we have £ a .C > 
if and only if for two general closed points c, d G C, the corresponding objects £ c , £ c * G 
D b (X) are not S-equivalent. 

We first point out that by Lemma 12.51 we can immediately restrict to the case where a 
is an algebraic stability condition. This implies that the heart A is Noetherian, by [AP06, 
Proposition 5.0.1]. 

The essential ingredient in the proof is the construction and description by Abramovich 
and Polishchuk of a constant family of t-structures onSxI induced by A, for smooth 
S given in [IAP06H and extended to singular S in [Pol07|. For any scheme S of finite type 
over C, we denote by As the heart of the "constant t-structure" on D h (S x X) given by 
HPol07l Theorem 3.3.6]. The heart As could be thought of as Coh SMA, since it behaves 
like A with respect to X, and like Coh S with respect to S. For example, whenever 
F G Coh S and E G A, we have F M E G As', also, As is invariant under tensoring with 
line bundles pulled back from S. It is characterized by the following statements (which 
paraphrase QPol07[ Theorem 3.3.6]): 

Theorem 3.4. Let A be the heart of a Noetherian bounded t-structure on D b (X). Denote 
by A qc C D qc (X) the closure of A under infinite coproducts in the derived category of 
quasi-coherent sheaves. 

(a) For any scheme S of finite type ofC there is a Noetherian bounded t-structure on 
D b (S x X), whose heart As is characterized by 

£ G As <3> P*£\xxu S A qc for every open affine U C S 
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(b) The above construction defines a sheaf of t- structures over S: when S = \J t C/j is 
an open covering of S, then S G As if and only if£\xxUi e -Aui f or evet J i- 

(c) When S is projective and C?s(l) denotes an ample divisor, then 

£ eA s ^ (px)*(S ® p* s O s (n)) G A for all n > 0. 

The following lemma is essentially HPol07l Proposition 2.3.7] (see also [AP06, Corol- 
lary 3.3.3] for the smooth case): 

Lemma 3.5. Let £ 6 D h (S x X) be a flat family of objects in A. Then £ G As- 
Proof. We first claim the statement when S is a zero-dimensional scheme of finite length 
I > 0, with a unique closed point s E S. Choose a filtration 

= F cF 1 C...CF l = O s , 

of the structure sheaf in Coh S with Fi/F^i = k(s) for all i. After pull-back toSxI 
and tensoring with £ we get a sequence of morphisms in D b (S x X) 

= G -> G 1 -»■ . . . -»- Q = £, 

such that cone(C7j_i — > C7j) = £ s for all i. By induction on i we obtain (px)*Gj G A; 
then part (jc)> of Theorem 13 .4| implies £ G A-s. 

For general S, any closed point s e Sis contained in a local zero-dimensional sub- 
scheme T C S that is a local complete intersection in S. The previous case shows 
St £ At, and by HPol07l Proposition 2.3.7] we can cover S by open sets U with Su G Ay 
By the sheaf property ©, this shows £ G A.5. □ 

Lemma 3.6. Let C be an integral projective curve, and S G D h {C x X) be a family of 
a-semistable objects inV(l). Then, there exists no > such that 

$£ (L) G „A, 
for all line bundles L on C with degree deg(L) > n . 

Proof. By the previous lemma, we have S G Ac- Fix an ample divisor C?c(l) on C. By 
the statement flc]) of Theorem 13 .41 there exists m > such that 

®s{O c {n)) = (px)*(S® Pc Gc(n))eA, 

for all n > m . Fix n > such that, for a line bundle L with deg(L) > n , we have 
H°(C, L(— m )) 7^ 0. Then, consider the exact sequence 

-> O(m ) -> I ->■ T -> 0, 

where T has zero-dimensional support. By applying $£ we get our claim. □ 

Lemma [3T6l directly implies the first claim of Positivity Lemma |3~3l For a curve C — \ Wl 
with universal family ^ 6 D b (I x C), we have 

t a .C = %Z ($ e (O c )) = ^Z ($ £ (O c (n))) > 0, 
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by the basic positivity property of the central charge Z in equation ©. 
It remains to prove the second claim. 

Lemma 3.7. Let £ E D b (S x X) be a flat family of semistable objects in A over an 
irreducible scheme S of finite type over C. Assume that the union of all Jordan-Holder 
factors of E s over all closed points s E S is finite. Then all the objects £ s are S -equivalent 
to each other, and we can choose a Jordan-Holder filtration for every £ s such that the 
order of their stable filtration quotients does not depend on s. 

Proof. If we choose a Jordan-Holder filtration of £ s for every closed point s, then there 
will be a stable object F E A that appears as the final quotient £ s -» F of the filtration for 
infinitely many s E S. In particular, Hom(^ s , F) is non-zero for infinitely many s E S; 
by semi-continuity, this implies that for every s E S there is a (necessarily surjective) 
morphism £ s -» F in A. The same argument applied to the kernel of £ s -» F implies the 
claim by induction on the length of £ so for a fixed chosen point s E S. □ 

Lemma 3.8. Let F E Abe a simple object. Then any subobject ofp* x F in As is of the 
form I IE F for some ideal sheaf I C Os on S. 

Proof. By the sheaf property of As, it is sufficient to treat the case where S is affine. 
By the characterization (jaj) in Theorem 13 .41 of As, a subobject G C p* x F in As gives a 
subobject (px)*G of (px)*P*xF = Os^cF m <A qc that is compatible with the Cg-module 
structure (see also HPol07[ Proposition 3.3.7]). Since F is simple, such a subobject must 
be of the form I ® c F for some ideal I C Og. □ 

Lemma 3.9. Let £ E D b (C x X) be a family of semistable objects over an irreducible 
reduced curve C. Assume that for general c, c' E C, the objects £ c , £ c > are S -equivalent to 
each other. Then there exist line bundles £i, . . . , £ n on C and a filtration 

o = r c r\ c . . . c r n = £ 

in As such that, for alii = 1 , . . . ,n, 

ryrv! = F t h d 

and such the restrictions of the Tj to the fibers {c} x X induces the Jordan-Holder filtration 
of£ c for all but finitely many c EC 

Proof. The same arguments as in the previous Lemma show that any two £ c , £ c / are 
S-equivalent to each other, and that there is a common stable subobject F := F\ C £ s for 
all s. 

We first claim that there exists a line bundle C\ on C with a non-zero morphism <p ■ F M 
£i-)£onCxI; equivalently, we need to show that for C := C\, we have 

+ Hom x (F, (pxUE <g) p* c C)) = Hom x (F, <f> £ (£.)) . 
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Let n be as in Lemma 13761 and fix a line bundle £ on C of degree n . Set r := 
dim Ext 1 (F, <& £ (£ )). Pick r + 1 distinct smooth points Ci, . . . , c r+ i G C, and set C := 
£o(ci + 1" c r +i). Consider the short exact sequence 

o -> £ -> £ -> o cl © • • • © a r+1 -> 

in CohC. By Lemma 13761 it induces a short sequence 

-»- $ £ (£ ) -> $*(£) ->• £ C1 © ■ ■ ■ © £ Cr+1 -> 

in A. Since dim Hom(F, 8 C1 © ■ • • © £ Cr+1 ) > r + 1 > r = dim Ext ^F, $ f (£ )), tnere 
exists a non-zero morphism from F to the direct sum that factors via $£■(£), which proves 
the existence of the morphism <\> as claimed. 

It follows from HLie0 6, Proposition 2.2.3] that the restriction <\> c : F\ — > £ c is non-zero 
for all but finitely many closed points c E C . Since Fi is stable, this morphism is necessar- 
ily injective. To proceed by induction, it remains to show that <p is an injective morphism 
in Ac- Otherwise, by Lemma [3T8l the kernel of <p is of the form I <g> L\ M F\ for some ideal 
sheaf I C Oc- In particular, the derived restriction of ker <f> M- £i M F\ to {c} x X is an 
isomorphism for all but finitely many c, in contradiction to the injectivity of <f> c . □ 

Proof. (Positivity Lemma [3731) Let C be an integral projective curve, and let £ E 9J?(C). 
As we observed before, we only need to prove the second claim. 

"•£=": Assume that £ a .C = 0. We will show that all objects £ c , for smooth points c E C, 
are ^-equivalent to each other. 

By Lemma [3761 for a line bundle L of large degree on C, and for c E C a smooth point, 
the short exact sequence 

-)> L(-c) -)> L -> fc(c) -► 
induces a short exact sequence in ^4 

-)• $ £ (L(-c)) ->• $ £ (L) ->• £ c -)• 0. 

Since l ff .C = 0, we have Z($ f (L)) G M< , and so $g(L) G F(l) is semistable, of the 
same phase as £ c . It follows that the Jordan-Holder factors of £ c are a subset of the Jordan- 
Holder factors of $g(£), which of course do not depend on c. Lemma 13771 implies the 
claim. 

"=>": Assume that, for general c E C, all objects £ c are ^-equivalent to each other. 
Using Lemma 13791 and the projection formula, we obtain: 

n 

i=i 

n n 

= J2 % z (i F i ® #'(c> a)]) = J2 ^ ^) ■ sz (t F *D = ° 
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4. A NATURAL NEF DIVISOR CLASS ON THE MODULI SPACE, AND COMPARISON 

Let S be a proper algebraic space of finite type over C, let a = (Z, A) E Stab(X), and 
let 8 E D^.pcrf (S x X) be a flat family of semistable objects of class v with Z(v) = — 1. 
By restriction of the family, our construction assigns a number l a .C to every curve C C S. 

Theorem 4.1. The assignment C \-¥ l a .C only depends on the numerical curve class [C], 
and is additive on curve classes. It defines a nef divisor d a E N l (S), which is invariant 
under replacing the universal family with the tensor product of a line bundle pulled back 
from S. Additionally, for a curve C C S we have i a .C > if and only if for two general 
closed points c, c' E C, the corresponding objects £ c , E c i E D h (X) are not S -equivalent. 

Proof. If Ci, C 2 are numerically equivalent, then [0 Cl ], [Oc 2 ] E K num (S) only differ 
by multiples of the class of a skyscraper sheaf k(s) of a closed point s. Since $£ preserves 
numerical equivalence, and since SZ($£-(/c(s))) = QZ(v) = 0, this proves the first claim. 
The additivity follows similarly, and all other claims follow directly from the Positivity 
Lemma [3731 □ 

Example 4.2. Let X C P 4 be a smooth quintic threefold, containing two disjoint lines 
Li, L 2 . Consider the smooth proper algebraic space X + obtained as the flop of X at the 
line L\. Then, by a classical result of Bondal and Orlov [B095|, we have an equivalence 
of derived categories D b (X) = D b (X + ). However, X + admits no numerically positive 
class, as the flopped curve L\ is the negative of L 2 in Ni(X + ). By Theorem 1 1.21 X + 
cannot be isomorphic to a moduli space of (semi)stable complexes on D b (X) with respect 
to a numerical stability condition on X. 

There are many examples of non-projective flops of a projective variety, including 
Mukai flops of holomorphic symplectic varieties. By the same reasoning, these non- 
projective flops cannot be obtained by wall-crossing. 

We will now compare our construction to the classical notion of a determinant divisor 
on S associated to the family £ (see, e.g., HMuk87l iDoirQOl ILP921 lFal93l ILT96ll and rfHLlOl 
Section 8.1]). 

Definition 4.3. We define a group homomorphism (called the Donaldson morphism) 

as the composition 

v* ^ K Qum (S x X) R ^ K num (S x X) R ^h K num (S) R ^ N l (S), 

where 

v$ := {w E K num (X) R : x (v ■ w) = 0} . 
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Since the Euler characteristic x gives a non-degenerate pairing, we can writdj 

%(Z(_)) = x(wz-_), 
for a unique vector wz G vK 

Proposition 4.4. For an integral curve C C S, we have 

(5) X e (w z ).C = QiZ{$e{Oc)) =■ L,e-C. 

Proof. It is enough to prove © when wz = [F] G K num (X), for some F G D b (X). 
We define 

C{F):={p s ) if {p x F®£). 

As in the classical case, the assumption wz G u" and the projection formula show that the 
rank of £(F) must be equal to 0: 

rkC(F) = x (S,O s ®£(F)) = x (SxX,0 {s}xX ®£®p* x F) = x(£ s <g>F) = X (v-w z ) = 0. 

The Riemann-Roch Theorem gives 

Xe(w z ).C = degC(F)\ c = x(C,C(F)\ c ). 

By Cohomology and Base Change (see, e.g., [Kuz06, Corollary 2.23]) we deduce that 

C(F)\ c = (pc)*(PxF®£\c). 
Using the projection formula again gives 

X(C,C(F)\ C ) = X (S,F® {p x )Ac) = X(w z • $ e (O c )) = 9fZ($ £ (O c )). 

n 
The basic properties of t a £ are in UHLlOi Lemma 8.1.2]. In particular, we recall the 
following: Let M be a vector bundle on S of rank n. Then 

(6) £<r,£®p* s M = n-£ (T ,s. 

By Theorem 14. 1[ we have a well-defined positive divisor class on a fine moduli space 
of stable complexes. To extend this to the case when a universal family exists only etale 
locally on a coarse moduli space, we recall the following definition from HMuk87l . 

Definition 4.5. Let S be an algebraic space of finite-type over C. 

(a) A flat family £ on S x X is called a quasi-family of objects in 971 if, for all closed 
points t G T, there exist an integer p > and an element E E Wl such that 
£\u\ x x — E® p . If T is connected, the positive integer p does not depend on t and 
it is called the similitude of £ . 



When we will consider the case of K3 surfaces, we will change notation and denote by v 1 -, in place 
of ir, the orthogonal with respect to the Mukai pairing, and, accordingly, with wz the vector representing 
3(Z(_)) with respect to the Mukai pairing. The only difference is a plus/minus sign in the rank and the 
degree component of the vector. Finally, the corresponding Donaldson morphism will be denoted 9 V . 
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(b) Two quasi-families £ and £' on T x X are called equivalent if there exist vector 
bundles V and V on T such that £' <g> p^V = £ <g> p^V". 

(c) A quasi-family £ is called quasi-universal if, for every scheme T" and for any 
quasi-family TonTxI, there exists a unique morphism f : T' —¥ T such that 
/*£ and T are equivalent. 

By HMuk87l Theorem A. 5], if Wl consists only of stable complexes, and if Wl is a C*- 
gerbe over an algebraic space M of finite-type over C (i.e., over its coarse moduli space), 
then there exists a quasi-universal family on M x X. 

Let £ be a quasi-family in 9Jt(T) of similitude p, for T a proper algebraic space. We 
can define a divisor class £ a in T (and a Donaldson morphism Ag) by l a :— - ■ l a£ that 
does not depend on the choice of quasi-universal family, by ©. We obtain therefore the 
analogue version of Theorem 14.1 I for quasi-universal families; in particular, it has the same 
positivity properties. 

Example 4.6. Let X be a smooth projective K3 surface. We will see in Lemma [5^6] that, 
when Wl consists only of stable objects, we have a quasi-universal family on the proper 
algebraic space M, and therefore a divisor class, denoted t ff {v). The class £ ff (v) depends 
only on a, it is strictly positive on all curves, and it is compatible with £ a ^ via pull-back. 

Example 4.7. Let X, Y be a smooth projective varieties, where Y is equipped with a 
Brauer class a £ Br(Y) and a polarization H E NS(Y). Denote by D b (Y, a) the de- 
rived category of a-twisted sheaves on Y. Assume that there is a derived equivalence 

$ : D b (X) -> D b (F, a) such that 

(a) if is a generic polarization with respect to v ' := $(i>), and 

(b) 9Jt$( cr )(f / ) consists of twisted iJ-Gieseker semistable sheaves on Y. 

Then a coarse moduli space M exists and i a defines a divisor class on it, which depends 
only on a, with the positive property as in Theorem II .21 and compatible with l ff £ via pull- 
back. When $ = id, this is proved in HHL101 Theorem 8.1.5] and HLP051 Theoreme 5 
& Proposition 6]. When $ is non-trivial, then the result follows from [Orl97] ICS071 : the 
equivalence is of Fourier-Mukai type, and the construction of £ a is compatible with the 
convolution of the Fourier-Mukai kernels. 

We refer to HO'G971 for the notion of a generic polarization; it always exists when v' has 
positive rank. Some references for twisted sheaves and stability are [ICalOOl IHS051 IYos06l 
iLieOTll . 

5. Review: Stability conditions and moduli spaces for objects on K3 

SURFACES 

In this section we give a brief review of Bridgeland's results on stability conditions for 
K3 surfaces in ||Bri08L and of results by Toda, Yoshioka and others related to moduli 
spaces of Bridgeland- stable objects. 
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Space of stability conditions for a K3 surface. Let X be a smooth projective K3 surface. 
Let v: K num (X) -» #* lg (X,Z) be the Mukai vector given by v(E) = ch(E)y/td(X). 
We denote the Mukai pairing H *x g (X, Z) x #* lg (X, Z) ->■ Z by (_, _); it can be defined 
by (v(E),v(F)) := ~x(E,F). Given a Mukai vector v G H* x (X, Z), we denote its 
orthogonal complement by 

v ± :={weH^ g (X,R) : («,u;) = 0}. 

Fix lu, j3 G NS(X)q with u; ample. We define a slope function /j, u> p on Coh X by 

r ^.( C1 (g)-/3) ifr (5) >0> 

(V) /W£) = < r{£) 

* ' A ; \+oo ifr(£) = 0. 

This gives a notion of slope-stability, for which Harder-Narasimhan filtrations exist. Let 
T(ui, (3) C Coh X be the subcategory of sheaves whose HN-filtrations factors have [i^fi > 
0, and J-(u), (3) the subcategory of sheaves with HN-filtration factors satisfying \Xu,$ < 0. 
Next, consider the abelian category 

( . W(E) = 0forp£{-l,0}, 

(8) A(w,P) := £GD b (I): • H" 1 ^) G .F(w, /3), 

{ •U°(E)eT(u,P) 

and the C-linear map 

(9) Z^ p : K num (X) -> C, £ H- (exp (/3 + >/=Io;), u(£)). 

If Z u> p(F) <£ M<o for all spherical sheaves F G Coh(X) (e.g., this holds when u 2 > 2), 
then by [Bri08, Lemma 6.2, Prop. 7.1], the pair a^^ = (Z^^, A(u, j3)) defines a stability 
condition. For objects E G A(u, (3), we will denote their phase with respect to a w p by 
0^(E) = 0(Z(E))G(O,1]. 

Denote by U(X) C Stab(X) the open subset consisting of the stability conditions a u> p 
just constructed up to the action of GL 2 (R). It can also be characterized as the open subset 
U(X) C Stab(X) consisting of stability conditions for which the skyscraper sheaves 
k(x) of points are stable of the same phase. Let Stab^(X) C Stab(X) be the connected 
component containing U(X). Let V(X) C H* { (X)c be the subset consisting of vectors 
whose real and imaginary parts span positive definite two-planes in H* x (X)m. with respect 
to the Mukai pairing. It has two connected components. Choose V + (X) C V(X) as the 
connected component containing the vector (l,iui, —u 2 /2), for u G NS(X)k the class 
of an ample divisor. Furthermore, set A(X) := {5 G iJ* x (X, Z) : 5 2 = —2} and, for 
5eA, 

s£ := {n e H^frC) ■ (n,*) = o}. 
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Finally, set 

P+(X) := V + (X) \ |J 6^<zK maa (X) c . 

<5eA(X) 

Since the Mukai pairing (_, _) is non-degenerate, we can define i](a) E H* x (X)c for 
a stability condition a = (Z, V) E Stab f (X) by 

z{*)U = Uv(*)) ■ 

Theorem 5.1 (Bridgeland). The map 77: Stab'(X) — > H* lg (X) € is a covering map onto 
its image Vq(X). 

The proof of Theorem 15 . 1 1 relies on an explicit description of the boundary dU(X) of 
U(X), see llBriOgl Theorem 12.1]: 

Theorem 5.2. Suppose that o = (Z, V) E dU(X) is a general point of the boundary of 
U(X). Then exactly one of the following possibilities holds. 

(A + ) There is a rank r spherical vector bundle A such that the only stable factors of the 

objects {k(x) : x E X} in the stability condition a are A and ST^(/c(a;)). Thus, 

the Jordan-Holder filtration of each k(x) is given by 

0^A er ^ k(x) -)• ST A (A;(x)) -> 0. 

(A~) There is a rank r spherical vector bundle A such that the only stable factors of 
the objects {k(x) : x E X} in the stability condition a are A[2] and ST^ 4 1 (/c(x)). 
Thus, the Jordan-Holder filtration of each k(x) is given by 

-> ST^ikix)) -> k{x) -> A® r [2] -)• 0. 

(Cfe) There are a nonsingular rational curve C C X and an integer k such that k(x) 
is stable in the stability condition a, for x ^ C, and such that the Jordan-Holder 
filtration ofk[x), for x E C, is given by 

->• O c {k + 1) -»• k{x) -)• O c (k)[l] -+ 0. 

In the previous theorem, by a general point of the boundary we mean a stability condi- 
tion which lies on only one wall (in the sense of Proposition 12.3b . By ST^ we denote the 
spherical twist functor of HST011 associated to the spherical object A. 

Remark 5.3. In the boundary of type (C^), the Mukai vectors of the stable factors of k(x) 
span a negative definite plane in H* ls (X) R . 

Remark 5.4. The results stated in this section extend without any difference to the case 
of twisted K3 surfaces. Let (X, a) be a twisted K3 surface, a E Br(X). Stability con- 
ditions on (X, a) were studied in [HMS08, Section 3.1]. In particular, we can introduce 
the following analogue objects to the untwisted case: NS(X, a), Stab^(X, a), U(X, a), 
Vq(X, a). Theorems 15. 1 1 and 15.21 hold with a similar statement in the twisted setting as 
well. 
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Moduli stacks of semistable objects. Let Sch c be the site of schemes locally of finite 
type over C, endowed with the etale topology. Define a 2-functor, with values in the 
category Grp of groupoids, 

: Sch c -» Grp, 

by mapping a C-scheme S to the groupoid 0(5), whose objects consists of those £ E 
Ds-per^S" x X) which satisfy Ext\£ s ,£ s ) = 0, for all i < and all closed points s E 
S, and whose morphisms are isomorphisms in Ds_ pcr f(S' x X). Here £ s is the derived 
restriction of £ to D b ({s} x X) = D b (X). The main theorem in HLie06l (generalizing 
results in [Ina02J) shows that & is an Artin stack, locally of finite type over C. 

Fix a = (Z,A) E Stab(X), E R, and v E H* lg (X). We define a sub 2-functor 
yyi a (v, 0) C of "flat families of cr-semistable objects of class v and phase 0": its objects 
are given by objects £ E Ds_ per f (S x X) whose restrictions £ s belong to V(4>) and have 
Mukai vector v, for all closed points s E S. We will often omit from the notation. 

Theorem 5.5 ( HTod08[ Theorem 1.4 and Section 3]). Let X be a K3 surface and let a E 
Stab'(X). Then a-stability is an open property, i.e., VJl a (v , 0) C & is an open substack, 
and S0T CT (f , 0) is an Artin stack of finite type over C. 

Let Vyt s a (v , 0) C Wl a (v , 0) be the open substack parameterizing stable objects. Inaba 
proved in HIna02fl that Wl s a (v, 0) is a G m -gerbe over a symplectic algebraic space M^{v ,0). 

Lemma 5.6. Fix G M and v E H^ g {X, Z). 

(a) The moduli stack 3Jl CT (f,0) satisfies the valuative criterion of universal closed- 
ness. 

(b) Assume that Wl a (v , 0) = DJl s a (v , 0). Then the coarse moduli space M a (v, 0) is a 
proper algebraic space. 

Proof. Using the GL 2 (R), we may assume that = 1 and Z{v) = —1. By Lemma 
12.51 we may assume that a is algebraic, and hence A is Noetherian. In this case, [AP06, 
Theorem 4.1.1] implies the Lemma. □ 

Moduli spaces of semistable objects. Let v = (r, c, s) E H* lg (X, Z) be a primitive class. 
Let us first consider moduli spaces of Gieseker stable sheaves. We say that v is positive 
(as in HYos01bl Definition 0.1]) if 

• v 2 > -2, 

• r > 0, and 

• if r = 0, then c must be effective and s^O. 

By HYos01bl Theorems 0.1 & 8.1] (see also HKLS061 Section 2.4], where the condition 
of positivity is discussed more in detail), if v is primitive and positive, then for a general 
ample line bundle H on X, the moduli space of iJ-Gieseker semistable sheaves M H (y) 
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on X with Mukai vector v is non-empty, consists of stable sheaves, and it is a smooth 
projective irreducible symplectic manifold of dimension v 2 + 2. 

On the other hand, fix (3 G NS(X) with fi H A v ) > °- Then HBriOSl Proposition 14.1] 
shows that for u = tH and t ^> 0, being cr^-stable of class v is equivalent to being 
(/3-twisted) Gieseker stable, and so M ffu Jv) = Mh(v). 

Theorem 5.7 (Toda, Yoshioka). Let v G H * L (X, Z). Assume that v = mv , with m G 
Z >0 and Vq a primitive vector with v 2 , > —2. Then 9Jl ff (v,<f>)(C) is non-empty for all 

a = (Z, A) G Stab^X) and all^eR with Z{v) G M> • e^. 

Proof. Since we are interested in semistable objects, we can assume that v = Vq is 
primitive. Also, since being semistable is a closed condition on Stab(X), we can assume 
that a is generic with respect to v, so that every a-semistable object of class v is stable. 
Then the Joyce invariant J{y) of HTod08H is the motivic invariant of the projective coarse 
moduli space M a (v). 

By HTod08l Theorem 1.4], J(v) does not depend on a, and it is invariant under au- 
toequivalences of D b (X). Hence, up to acting by the shift functor, tensoring with a line 
bundle, and the spherical twist § STe>, we can assume that v is positive (as defined above), 
and that J[v) is equal to the motivic invariant of the moduli space M H (v) of Gieseker 
stable sheaves on X with Mukai vector v, for a generic polarization H. Since v is posi- 
tive, Yoshioka's result shows that Mh(v) is non-empty. Hence, J(v) is non-trivial, and so 
Wl a (w, 4>) (C) is non-empty for all a. □ 

By Theorem 15 .7 1 and Ulnallll . we get the following corollary. 

Corollary 5.8. Let v G H* lg (X, Z) be a primitive vector with v 2 > —2, and let a G 
Stab^(X) be a generic stability condition with respect to v. Then M ff (v) is non-empty, 
consists of stable objects, and it is a smooth proper symplectic algebraic space of dimen- 
sion v 2 + 2. 

Let us briefly recall the Beauville-Bogomolov form on NS(M) for a symplectic alge- 
braic space M. It is a bilinear form NS(Af) x NS(M) ->■ R. If u G H°(M,Q 2 M ) is a 
global non-degenerate two-form, then there is a constant c such that 

(D 1} D 2 ) = c [ D l D 2 {uuj)^ AimM -\ 



J M 

Its associated quadratic form is denoted by q(D) = (D, D). It determines the volume of 
D by f M £> dimM = q(D)i dimA/ . In particular, a divisor D is big if and only if q(D) > 
(see also [ |Huy99[ Proposition 6.5]). 



As mentioned in the footnote to Definition 14.31 in the case of a K3 surface we will 
always consider a dual version 9 V : v - 1 — > N 1 (M a (v) of the Donaldson morphism, defined 
by 9 v (w) = — \z(w*). This morphism is also called the Mukai homomorphism, and is 
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compatible with the Mukai pairing on X in the following sense: if C C M a (v) is a curve, 
and £ G D b (M CT (t> )) a universal family, then 

(10) e v (w).C=(w^ £ (O c )). 

The following result is proved in HYosOlbl Sections 7 & 8]: 

Theorem 5.9 (Yoshioka). Let v G H* lg (X, Z) be a primitive vector with v 2 > —2. Let 

a G Stab' (X) be a generic stability condition with respect to v. Assume that there exist 
a K3 surface Y, a Brauer class a G Br(Y), a polarization H G NS(Y), and a derived 
equivalence $: D b (X) — > D b (Y,a) such that 

(a) v 1 = $(f) is positive, 

(b) H is generic with respect to v, and 

(c) M$( (T ) (v') consists of twisted H-Gieseker stable sheaves on Y. 
Then the Donaldson morphism induces an isomorphism 

• 9 V : v 1 - A- NS(M CT (t>)), ifv 2 > 0; 

• 9 V : v ± /v ^ NS{M a {v)), ifv 2 = 0. 

Under this isomorphism, the quadratic Beauville-Bogomolov form for NS(M cr (f )) coin- 
cides with the quadratic form of the Mukai pairing on X. 

Proof. When we deal with Gieseker stable sheaves, then this is nothing but HYosOlbl 
Theorem 8.1] (see also [KLS06, Section 2.4]). The general case follows from HOrl971 
ICS071 . as in Example 14771 

The last statement is proved by deformation to the Hilbert scheme; see HYosOlbH for the 
case of abelian surfaces, and also [GNY09, Section 1.5]. □ 

6. K3 SURFACES: PROJECTIVITY OF MODULI SPACES 

Let X be a smooth projective K3 surface, and let v G H* { (X, Z). In the recent preprint 
BMYYUbl , Minamide, Yanagida, and Yoshioka proved the following: if NS(X) = Z and 
a G Stab^(X) is a generic stability condition with respect to v, then there exist another K3 
surface Y, a Brauer class a G Br(Y), and a derived equivalence $: D b (X) — > D b (Y, a) 
such that the moduli stack Tl a (v) is isomorphic to a moduli stack of (twisted) Gieseker 
semistable sheaves on (Y, a) via <J>. 

In this section, we improve their argument, and we remove the assumption on the rank 
of the Neron-Severi group. As a consequence, the divisor class £ a gives an ample divisor 
on the coarse moduli space. 

We write v = mv G H* x (X, Z), where m G Z >0 , and v = (r, c, s) is primitive with 
Vq > —2. We start by examining the cases in which Vq < 0, 

Lemma 6.1. Assume that v 2 , = —2. Then, for all a G Stab' (X) generic with respect to 
v, Wl ff (v) admits a coarse moduli space consisting of a single point. In particular, it is 
non-empty. 
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Proof. Corollary 15.81 shows that for all generic a G StaV(Jf), the stack 9H ff (fo) = 
SOT* (i> ) 7^ is a G m -gerbe over a point. The corresponding object E is spherical, and in 
particular admits no non-trivial self-extensions. If m > 1, then v 2 < —2 shows that there 
cannot exist any stable object with vector v. By induction, every semistable object with 
Mukai vector v must be of the form E® m . □ 

Lemma 6.2. Assume that v 2 , = 0. Let a G Stab' (X) be a generic stability condition with 
respect to v. Then, we have: 

(a) for m = 1, Vyi a (v ) = VJH s a (v ) ^ 0, M a (v ) is a smooth projective K3 surface, 
and there exists a class a G Br(M CT (t;o)) such that the choice of a universal family 
(etale locally) induces a derived equivalence 

$ ffj „ :D b (X) ^D h (M a (v ),a). 

(b) for m > 1, Wl ff (v) ^ 0, a coarse moduli space M a (v) exists and 

M a {v) = Sym m (M a {v )) . 

Proof. Corollary 15 . 8 1 shows the non-emptiness. The fact that M a (v ) is a smooth pro- 
jective K3 surface and the derived equivalence is a classical result of Mukai [Muk87] for 
stable sheaves, whose generalization to stable complexes follows by standard techniques. 
This shows ©. 

The proof of © follows now as in [MY Yllbl . Indeed, clearly Wl a (v) ^ 0, and the 
derived equivalence $ maps any complex in DJl a (v)(C) in a torsion sheaf on M a (v ) of 
dimension and length m. □ 

We can now prove Theorem 11.31 based on an idea of Minamide, Yanagida, and Yosh- 
ioka. By Lemma [6TT1 and Lemma [631 we can restrict to the case v 2 > 0. 

The following result is proved in [M YYllbl Sections 4.1 and 3.4] for abelian surfaces, 
and for K3 surfaces of Picard rank one. For convenience of the reader, we give a self- 
contained proof for arbitrary K3 surfaces: 

Lemma 6.3. Let a = (Z a ,A a ) be a generic stability condition with respect to v, lying 
inside a chamber C with respect to v. Then C contains a dense subset of stability condition 
t = (Z T , A T ) for which there exists primitive Mukai vector w with w 2 = such that: 

(a) Z T (w) and Z T (v) lie on the same ray in the complex plane. 

(b) All t -semistable objects with Mukai vector w are stable, and M T {w) is a smooth 
projective K3 surface. 

Proof. Let us consider claim (|a]). We may assume Z ff (v) = —1 and restrict our attention 
to stability conditions r with Z T {v) = — 1. Let Q C H* { (X) R be the quadric defined 
by w 2 = 0. Due to the signature of the Mukai pairing, there is a real solution w r to the 
pair of equations ^sZ a (w) = and w 2 = 0. Since Q has a rational point, rational points 
are dense in Q, i.e., there exists w q G H* lg (X)q arbitrarily close to w r with w 2 = 0. 
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If w q is sufficiently close, and since w q must be linearly independent of v, there will be 
t = (Z T ,A T ) nearby a such that ^sZ T (v) = ^sZ T (w q ) = and ^tZ T = $tZ a . Replacing 
w q by the unique primitive integral class w E M. ■ w q with 3i.Z T (w) < finishes the proof 
of the first claim. 

It remains to show that claim ® holds, after possibly replacing w and a further defor- 
mation of r. 

Note that small deformations of r in a codimension one submanifold of Stab(X) will 
keep property fla} intact. If this contains a stability conditions generic with respect to w, 
our claim follows from Lemma |6\2| Otherwise, we can assume that r is on a generic point 
of a wall, and that for u E H* x (X, Z), the complex number Z(u) has the same phase as 
Z{y) and Z{w) if and only if u is a linear combination of v and w. 

Using the Fourier-Mukai transform associated to M p {w) for p nearby r and generic, we 
can further assume that w = (0, 0, 1) is the Mukai vector of a point, and that p is in a 
generic boundary point of the geometric chamber U(X) as described in Theorem 15.21 If 
M p {v) is not a fine moduli space, we need to consider M p (v) as a twisted K3 surface; see 
Remark [5~4l 

In the case of a wall of type (A + ), let w' be the Mukai vector of ST^(A;(a;)). Since the 
objects STa(A;(x)) are r-stable, the stability condition r is generic with respect to w', we 
have w' 2 = 0, and Z(w') has the same phase as Z{y). The case (A~) is analogous. 

If we are in case (C&), then as pointed out in Remark [531 the Mukai pairing is negative 
definite on the linear span (w, v(Oc(k + 1))). However, since Z(Oc(k + 1)) has the same 
phase as Z(v), this linear span is equal to the linear span (v, w) of v, w, in contradiction 
to v 2 > 0. □ 

Let w be the Mukai vector from Lemma |63l Let Y := M au Aw), and let a E Br(Y) 
be a Brauer class so that the choice of a universal family induces a derived equivalence 
$ : D b (X) ^ D b (Y, a). Consider the stability condition a' := ®(a w ,p) E Stab(Y,a). 
Then, by construction, for all F E 9Jl ffu Jw)(C), $(F) = k(y), for some y E Y. Hence, 
if w does not lie in a wall for v, k(y) is not a stable factor (with respect to a') for &(E), 
for all E E Wl^^v)(C). By [|BH0"8l Lemma 10.1], $(E)[-1] is a a-twisted locally-free 
sheaf on Y, which is /i^-semistable, for some polarization H on Y. Again, since w is not 
a wall for v, all sheaves &(E)[— 1] are twisted /7-Gieseker stable, and the polarization H 
is generic. This shows that $ o [—1] induces an isomorphism of stacks 

(ii) fm ffUif) (v)^fm H ($(v)), 

where 9JIh{®{v)) denotes the moduli stack of twisted i/-Gieseker semistable sheaves on 
Y. This shows that a coarse moduli space for 97t CT ^ p (v) exists and it is a normal irreducible 
projective variety with Q-factorial singularities (by HKLS06[[PR11II ). 

Finally, if a E Stab' (X), then as in |TodQ81 Section 4.3], we can reduce, up to derived 
autoequivalences of D b (X), to the case a = o U: p E U(X). This concludes the proof of 
the first part of Theorem II .31 
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We can now show the second part of Theorem 1 1.31 namely that l a is well-defined on the 
coarse moduli space M a {v) and it is ample. 

Lemma 6.4. Let a = (Z,V) G Stab^(X) be such that Z(y) = — 1, and let w a := 
%-q(o)). Thenwl > 0. 

Proof. This follows directly from Theorem 15. II since 77(a) G Vq(X). □ 

First of all, when v is primitive and o generic with respect to v , by Example 14.61 the 
divisor class t a is well-defined on the coarse moduli space M ff (v). 

Lemma 6.5. Let v G H* lg (X, Z) be a primitive vector with v 2 > 2, and a G Stab^(X) 
be generic with respect to v. Then for all u G v 1 - we have q(9 v (u)) = u 2 , where q{6 v {u)) 
denotes the quadratic Beauville-Bogomolov form on M a {v). 

Proof. By the first part of Theorem II .31 we can reduce to the case where M ff (v) is a 
moduli space of Gieseker stable locally-free sheaves; this case is treated in Theorem 15.91 

□ 

Corollary 6.6. With the same assumptions as in Lemma 16.51 the divisor £ a is ample. 

Proof. By the Lemma, q(£ ff ) = w 2 . By Lemma 16741 w 2 > 0, and so £ a is big. As 
a symplectic algebraic space, M a (v) has trivial canonical bundle; so the Base Point Free 
Theorem [KM98, Theorem 3.3] implies that i, a is globally generated, and hence ample 
(see also [Huy99, Proposition 6.5]). □ 

The case in which v is not primitive is more delicate, since we do not have a version 
of Lemma 1631 available. Instead, we have to use an explicit comparison with determinant 
line bundles and rely on the GIT construction for dealing with properly semistable objects; 
we use CHLIOI Section 8.1] as reference for the classical construction. 

By the openness and convexity of the ample cone, it is sufficient to prove the ampleness 
of t a for a dense subset of stability conditions in a given chamber. Let us first assume that 



a satisfies the properties of the stability condition r in Lemma 1631 let $ be the induced 
derived equivalence $: D b (X) — y D b (Y, a). We will first assume a = 0. By Example 
14.71 we know that £ a gives a well-defined class on the GIT quotient producing the coarse 
moduli space M a {v). Since skyscraper sheaves k(y) of points on Y are stable with respect 
to 3>(cr), we have $(<r) G U(Y). Since the $ (a) -stable objects $(E) for E G M ff (v) have 

the same phase as skyscraper sheaves k(y), we can use the GL -action to normalize the 
stability condition $(er) such that its central charge W is of the form W = (e JW+ ^, v) given 
in equation ©, and satisfies W($>*(v)) G M<o at the same time. If we write — $*(v) = 
(r, c, s), this is equivalent to 

(12) u.c- ru.fi = 0. 

Note that by the construction of Lemma [6731 the stability condition $*(cr) is still generic 
with respect to $*(u). 
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We first claim that w-slope (semi) stability for sheaves of class — $*(t> ) is equivalent to 
twisted w-Gieseker (semi)stability: indeed, assume that a sheaf 8 with v(8) = — $*(t>) 
is slope-semistable. Recall that V w ,p(l) is the category generated by skyscrapher sheaves 
k(x), and by shifts .F[l] of w-slope semistable sheaves T satisfying (fl2l) . In particular, 
if T C 8 is a saturated subsheaf of the same slope, then .F[l] is a subobject of £[1] in 
V Uj p(l); since &*(a) is generic with respect to $*(i>), this means that v (J 7 ) is proportional 
to u(£); hence the twisted Hilbert polynomial of T is proportional to the twisted Hilbert 
polynomial of 8, and this will hold independently of the twist (3. In particular, twisted 
Gieseker stability on Y for — <&*(i>) is equivalent to untwisted Gieseker-stability. 

In other words, in the isomorphism (fTTT ) we can in fact take 3Jli/($(f )) to be the classical 
moduli stack of Gieseker semistable sheaves. Let Co, C\ be as defined in HHL101 Definition 
8.1.9]; after identifying hof UHLiOl Section 8.1] with a;, then in our notation we have C = 
9 v ((—r, 0, s)) and L\ = 9 V ((0, rw, oo.c)). It is immediate to check that, up to rescaling, £ a 
coincides with the class C\. By Theorem 1 1.2[ £ a is nef. By HHL10 , Theorem 8.1.11 & 
Remark 8.1.12], we have that £ ® £f m is ample for m > 0. Moreover, £ <g> £f m for 
m ^> are (up to rescaling) induced by a stability conditions arbitrarily close to a. Hence 
we have found a dense subset of stability conditions for which l a is ample. 

Finally, in case a^O, one can use Proposition 2.3.3.6 and Lemma 2.3.2.8 of HLie07H to 
reduce to the case a = 0. This finishes the proof of Theorem II .3 1 



7. Flops via wall-crossing 

In this section, we will first discuss the possible phenomena at walls in Stab(X), and 
then proceed to prove Theorem II .41 . 

Let X be a smooth projective K3 surface, let v be a primitive Mukai vector with v 2 > 
—2. Consider a wall W C Stab(X) with respect to v in the sense of Proposition 12.31 

Let cr G W be a generic point on the wall. Let a + = (Z + , A + ), o_ = (Z_,A~) be two 
algebraic stability conditions in the two adjacent chambers. By the results of the previous 
section, the two moduli spaces M± := M a± (v) are non-empty, irreducible symplectic 
projective manifolds. If we choose (quasi-)universal families 8± on M± of a± -stable 
objects, we obtain in particular (quasi-)families of ao-semistable objects. Hence, Theorem 
14. II gives us nef divisor classes £o,± := ^ ,s± on M±. 

There are several possible phenomena at the wall, depending on the codimension of 
the locus of strictly ao-semistable objects, and depending on whether there are curves 
C C M± of ^-equivalent objects with respect to a , i.e., curves with £q,±-C = 0. We call 
the wall W 

(a) a fake wall there are no curves in M± of objects that are ^-equivalent to each 
other with respect to a , 

(b) a totally semistable wall, if M* Ay) = 0, 
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(c) a. flopping wall, if W is not a fake wall and M* (u) C M± has complement of 
codimension at least two, 

(d) a bouncing wall, if there is an isomorphism M + = M_ that maps Zo,+ to Iq~, 
and there are divisors D± C M± that are covered by curves of objects that are 
^-equivalent to each other with respect to a . 

Note that a wall can be both fake and totally semistable. In the case of a fake wall, W 
does not get mapped to a wall of the nef cone. In the case of a bouncing wall, the map 
l+: C + — > N X (M + ) sends W to a boundary of the nef cone of M + = M_; and so does /_. 
Hence the image of a path crossing the wall W under l± will bounce back into the ample 
cone once it hits the boundary of the nef cone in N 1 . We will see examples of every type 
of wall in Section [9l 

We should point out that the behavior at fake walls and bouncing walls can exhibit dif- 
ferent behaviors than the possibilities observed in [CI04] in different context: in general, 
the two universal families over M + , M_ do not seem to be related via a derived autoequiv- 
alence. 

We can assume that a is algebraic, Wq(v) = — 1, and <\> = 1. By Lemma [631 and 
Lemma [6~4l £ ± has positive self -intersection. Since both M± have trivial canonical bun- 
dles, we can apply the Base Point Free Theorem [KM98, Theorem 3.3], which shows that 
£ ,± are both semi-ample. 

We denote the induced contraction morphism (cf. [|Laz04[ Theorem 2.1.27]) by 

7i a± :M a± (v)^Y ± , 

where Y± are normal irreducible projective varieties. We denote the induced ample divisor 
class on Y± by £ . If M* Q (v) ^ 0, we denote by f ff0 : M+(v) ---> M_(v ) the induced 
birational map. 

Note that n (7± is an isomorphism if and only if the wall W is a fake wall, a divisorial 
contraction if W is a bouncing wall, and a wall contraction if W is a flopping wall. 

We would like to say that Y + = Y-, and that they are (an irreducible component of) the 
coarse moduli space of <7 -semistable objects. The best statement we can prove in general 
is the following: 

Proposition 7.1. The space Y± has the following universal property: For any proper ir- 
reducible scheme S G Schc, and for any family £ E VJl ao (v)(S) such that there exists a 
closed point s € S for which £ s = £\{ s } x x £ 97t<r± (v) (C), there exists a finite morphism 
q : T — )• S and a natural morphism f q *£ : T — > Y±. 

Proof. We prove the statement only for Y + ; the proof for F_ is analogous. Let S be a 
proper scheme, and let £ be a family as above. We can assume S is normal. By Toda's 
result, Theorem 15.51 there exists an open subset S' C S such that £ s is cr + -stable, for all 
s E S'. By the universal property for M + , there exists a natural morphism f' e : S' — > M + . 
This induces a rational morphism f £ : S --■* Y + . 
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Consider a resolution of singularities for f £ , 

S 



Then, the family E : = (c x id)* £ on S gives rise to a divisor class £ a g on S such that 

Since £ is ample, also £ a g- is semi-ample. On the other hand, by Theorem 14.11 a curve 

CCS satisfies £ a g-.C = if and only if C parameterizes properly cr -semistable objects, 
generically with the same Jordan-Holder filtration. But every curve in a fiber of c has 
this property. Hence, up to considering its Stein factorization, the morphism g factorizes 
through f £ , as wanted. □ 

If we can explicitly describe er -semistable objects, Proposition 17. 1 1 shows that Y + and 
F_ are actually irreducible components of a coarse moduli space for Wl ao (v). We will see 
this in some examples in Sections [8] and [9j 

Proof. (Theorem 11.41 ) It remains to prove assertion © of Theorem II A[ in this case, 
50T^ o (v) is non-empty, and we can restrict to the case where £o,± is not ample. By open- 
ness of stability, all objects in £Dt* (v)(C) are stable with respect to a±. Write M° 
for the open subsets of M± consisting of those objects. By assumption, we also have 
codim(M±, M±) > 2. (Note that since M± are smooth and symplectic, the two condi- 
tions codim(M + \ M° , M+) > 2 and codim(M_ \ M° , M_) > 2 are equivalent.) 

Consider the birational map 

/ CT0 :M + -*M_, 

induced by the isomorphism M° —>■ M°_ . 

Since codim(M^, M±) > 2, and since M± are projective, numerical divisor classes on 
M± are determined by their intersection numbers with curves contained in M±. Since we 
can choose (quasi-)universal families E± on M± that agree on the open subset M°, this 
implies that the maps £: C^ — > NS(M ± ) are identical, up to analytic continuation and 
identification of the Neron-Severi groups via f ao ; more precisely, we have the following 
equality in NS(M+): 

f* £ = £ v 
where the RHS is given by 



% +> z. : [C] H- 9 (- 



Z-($ £+ (Oc)) 
Zjv) 
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for all curves C C M + . Since £ ,+ is not ample, i ff+ ,z- is big and not nef. Hence, the map 
fo- Q does not extend to an isomorphism M + A- M_ and we deduce the equality 

Hence, we deduce that Y + = Yl, and that the following diagram commutes: 
(13) M a+ (v) -°- >M _(y) , 



Y + = Y_ 

□ 

8. Stable sheaves on K3 surfaces 

In this section we discuss the three main theorems in examples for moduli space of 
stable sheaves on a K3 surface X. For K3 surfaces with Picard group of rank one, some 
of these examples can also be deduced by HMYYllbl Section 4.3]. 

Example 8.1. The simplest case is a primitive vector v with v 2 = 0. Then Lemma l6\2l 
and Theorem 15.21 give a complete picture on the possible wall-crossing phenomena. For 
a generic stability condition, the moduli space is a fixed smooth projective K3 surface Y 
derived equivalent to X. The possible walls are derived equivalent to the cases given in 
Theorem 15 .21 In the cases (A + ) and (A~), we have a totally semistable fake wall. In the 
case (Cfe), we get a bouncing wall: the contraction induced by the wall is the divisorial 
contraction of rational (— 2)-curves. After we cross the wall, the moduli space is still 
isomorphic to Y, but the universal family gets modified by applying the spherical twist at 
a line bundle supported on C; in NS(Y), this has the effect of a reflection at [C], 

We now give an explicit formula for the Mukai vector w a associated to a stability con- 
dition. 

Lemma 8.2. Let X be a smooth projective K3 surface. Let v = (r, c, s) G H*y (X, Z) 
be a primitive Mukai vector with v 2 > —2, and let o^^ G U(X) be a generic stability 
condition with respect to v. Then the divisor class £ aui G iV 1 (M^ Av)) is a positive 
multiple of9 v (w ffUt0 ), where w ffu)tP = (Ru,p, C Wj p, S^p) is given by 

Ru,p = c.u — r/3.u 

C Uj p = (c.u - r(3.u) (3 + (s - c.(3 + r J u 

B 2 — uj 2 
Suj,p = c.u h s/3.u - (c/3) ■ (/3. u). 
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Proof. Using the Definition of £ auj „ in equation ©, and the compatiblity of 9 V with the 
Mukai pairing given in equation (flOl) . we see that the vector is given by 

«^ = 9 _ (e ^ >t; ) ^ -$((^ + V) ■ e^). 

(Here and in the following ~ R + will mean that the vectors are positive scalar multiples of 
each other.) Then the claim follows immediately from 

e^ = (l,P,l^^j +i(0,u,cu.p). 

□ 
If we write to = t- H, for an ample divisor H E NS(X), we can let t go to zero or +00. 
If we take the limit t — > up to rescaling, we obtain a vector Wq.h,0 with components 

R .h,p = c.H - r(3.H 

C .H,p = (c.H - r(3.H) {3+(s-c.f3 + r^)H 

So. Hif} = c-Hy + s P- h - M) • ^- H )- 

If we similarly take the limit t — > +00, we obtain a vector w^.h^ with components 

Roo-H,p = 

H 2 

Coo. H ,p = ~r —H 

Soo-H,/3 = —C.H ——. 

Example 8.3. In the previous notation, assume v = (0, c, s), for v a positive primitive 
vector. We assume that H is a generic polarization with respect to v. Then, for t suffi- 
ciently large, M atH Jv) = Mh{v) is a Lagrangian fibration. The semi-ample nef divisor 
associated to this fibration is given by w^.h^ ~r+ (0, 0, —1). 

The fact that M H (v) is a Lagrangian fibration can be seen by using the divisor 6 V (w^.h^) 
as follows. By Le Potier's construction, see HLP051 Section 1.3], for all x E X, we can 
construct a section s x E H°(M H (v), 6 v (woo-H,p)) via its zero-locus 

V(s x ) = {EE M h (v) : Hom(£, k(x)) ^ 0} . 

The sections {s x } x€ x generate v (Woo.H,p)- The induced morphism contracts the locus 
of sheaves with fixed support, and thus the image has lower dimension. By Matsushita's 
Theorem [Mat99, MatOl], the morphism is a Lagrangian fibration. 



32 AREND BAYER AND EMANUELE MACRI 

Remark 8.4. The previous example shows a general phenomenon for nef divi sors obtained 
as an image of a wall in the space of Bridgeland stability conditions. Indeed, by Lemma 
16.41 and Lemma 1631 a divisor D coming from a wall in Stab(X) must have q(D) > 0. To 
obtain a nef divisor D with q(D) = (which conjecturally corresponds to a Lagrangian 
fibration), we necessarily have to look at "limit points" in Stab(X), for example Wo-h,0, 
or Woa.H,p. We will use these limit points in Examples 19.51 and [ 9.71 

We will use the following two observations several times (for Lemma 18.51 see, e.g., 
HBMT111 Section 7.2]; for Lemma [Ml see HBM111 Lemma 5.9]). 

Lemma 8.5. Let a = (Z, A) G Stab(X) be a stability condition such that 

7 := inf {$t(Z(E)) > : E G A} > 0. 

Then an object E G A with $$(Z(E)) = 7 is a-stable if and only i/"Hom('P(l), E) = 0. 

The previous lemma applies in particularly when $s(Z) G Z • 7, for some constant 
7 > 0. In this case, if an object E G A with Hom("P(l), E) = and $S(Z(E)) = 27 is 
not cr-stable, then it must be destabilized by a short exact sequence A — Y E — V B where A 
and B a-stable with $s(Z) = 7. 

Lemma 8.6. Let E G D b (X) and o G Stab(X) be a stability condition such that E is 
a-semistable. Assume that there is a Jordan-Holder filtration M® r '—¥ E -» N of E 
such that M, N are a-stable, Hom(.E, M) = 0, and [E] and [M] are linearly independent 
classes in K num (X). Then a is in the closure of the set of stability conditions where E is 
stable. 

Example 8.7. Let X be a K3 surface with Pic(X) = Z • H , for H an ample line bundle 
with H 2 = 2d, d > 1. Let v = (r, cH, s) be a primitive Mukai vector, with r,c,s G Z, 
r > 0, v 2 > -2. We assume that there exist A,B eZ, A> 0, such that Ac — Br — 1. 
Consider the family of stability conditions a t b := a^fi on D b (X), with u> = t ■ H and 

j3 := 4 • H , for t > 0. As long as a t b exists, the moduli space M a B (v) is the moduli 

'A t, 3 

space of Gieseker stable sheaves Mh{v): Indeed, we have 

3(Z t)f (_))G^.Z, 

and $$(Z t b(v)) = 2 ¥-. So Lemma |831 shows that Gieseker- stable sheaves are a t b -stable. 

We distinguish two cases, according to whether cLB 4 +1 is integral or not. Its relevance is 

explained by the fact that w = (A,B ■ H, ^^-) G H* lg (X, Q) is a class with w 2 = -2 

and ^sZ t b(w) = 0; since A, B are coprime, there exists an integral class with these two 

properties if and only if s dB J ^ rl is integral. 
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Case 1: rfB A +1 ^ Z. Then there exists no spherical object with $s(Z t b(v)) = 0. By 
BBri08l Proposition 7.1], all values of t > produce a stability condition. This gives an 
explicit region of the ample cone of M H {v): 

(9 v (w a B ) : £>0) C Amp(X). 

An explicit computation is in Example 19.51 

Case 2: aLB 4 +1 G Z. Then there exists a stable spherical vector bundle U satisfying 
Q(Z ti B.(U)) = 0. We let t > be such that K(Z io ([/)) = 0. Then t > t produces a line 
segement in the ample cone of Mjj(h): 

(6 v (w a B ) : t>t ) C Amp(X). 

The question now becomes to understand when Hom([7, F) ^ 0, for F a Gieseker stable 
sheaf with Mukai vector v. An explicit computation is in the following Example. 

Example 8.8. In the notation of the previous Example l8.7[ we take 

d=l, v = (2,H,s) (s< 0), A = l, 5 = 0. 

Then, the spherical vector bundle U is nothing but Ox, and t = 1. Up to resclaing, the 
vector w a B becomes 

t '-R 

w atfi = (2t, (-2t 3 + st)H, -2t 3 ) . 

We will see that wall-crossing along this path will naturally lead to contractions of Brill- 
Noether loci, i.e., loci of sheaves T where h ^) is bigger than expected. These loci and 
contractions have been studied in [YosOla]. We distinguish 3 cases. 

Case 1: s = 0. We claim that the nef cone Nef (Mh{v)) is generated by 

0v(w o . H ,o) ~r+ 0«(1, 0, 0) and 9 v (woo.h,o) ~r+ 0«(O, -H, -1). 

First of all, observe that any torsion sheaf T G Tin (0, H, —2) is a line bundle of degree - 1 
on a curve of genus 2; it follows that there is a short exact sequence 

->■ Of ->■ ST ^(T) -»■ T -»■ 0. 

It easy to see that F := ST^(T) is slope-stable with v(F) = (2,if,0); hence ST ^ 
induces an injective morphism Mh(0,H, — 2) — )■ Mh{v), which must be an isomor- 
phism (as they have the same dimension). Hence every F E WIh(v) is of this form, 
and Hom(C x , F) = C 2 , for all F e 9Jl H (v)(C). 

To compute how the divisor class l at varies when we cross t = 1, we will use Lemma 
18.61 For < t < 1, we consider the stability condition a t ,o in the boundary of U(X) of 
type (A + ) (see Theorem I5.2I ). The heart A for a t>0 can be explicitly described (see, e.g., 
I1Yos09[ Proposition 2.7] or [BM11, Proposition 5.6]). In particular, V(l) is generated by 
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k(x) for x G X, by O x , and by G[l], where G is a /x-semistable sheaves of slope sat- 
isfying Hom(C x , G) = 0. Hence, both O x and, by LemmalO any T G M H (0, H, -2) 
are a^o-stable for all < t < 1. Similarly, the short exact sequence 

-)■ T -4 ST 0x (T) -> C® 2 -4 

and Lemma[83]show that ST Gx (T) = ST^ x (F) is o^o-stable for all < t < 1. 

In particular, M ?t0 (f) for < £ < 1 is isomorphic to M H (v) = M at0 (v) for 1 < t. 
The universal families are related by an application of ST 0x ; as this acts trivially on the 
K-group, the two families induces the same Donaldson morphism v L — > AT 1 (M# (?;)). 

To understand the wall between the two corresponding chambers, we now consider the 
path a t - e , where e > is sufficiently small such that Ox and all T G 9Jl H (0, H, —1) are 
both ax _ e -stable and a2,- e -stable. Note that the subcategory At ,- e does not depend on t; 

it is then straighforward to check that Ox and all T are also a 4 _ e -stable for all t E [|, 2]: 
indeed, the imaginary part of Z t _ e (w) for any Mukai vector w is of the form t ■ const, and 
the real part is of the form const + const • t 2 . Then the inequality (f) t e {w) < 4> t -e{w') is 
equivalent to an equation of the form const • t 2 > const. 

Let t e [|,2] be such that O x and T e M H (0,H, -1) have the same phase with 
respect to crt ,-e- Lemma [8^6] shows that F = ST^ 1 (T) is stable for t > t , and that 
STq (F) = ST o x (T) is stable for t < t . This is a totally semistable and fake wall. 

For t — >■ 0, the contraction induced by Wq.h,o is precisely the Jacobian fibration induced 
by ST o x ■ The wall at j3 = 1/2 • H corresponds instead to the Uhlenbeck compactification: 
the corresponding divisorial contraction is induced precisely by u>oo #,o (see also HLol2|| ). 

Case 2: s = — 1. The nef cone Nef(M#(t>)) is generated by 

e v (w Hfi ) = 6 V (2, -3H, -2) and ^( Woo . H ,o) = 9 V (0, -H, -1). 

Similarly to Case 1, the Riemann-Roch Theorem and stability shows Hom(Cx, F) ^ 0, 
for all F E WIh(v)(C). We can use a similar argument as before to find a wall near the 
singular point a lj0 where the Jordan-Holder filtration of F is given by 

H°(F) ®O x ^ F -4 cone(ev). 

There is no stable object with Mukai vector v with respect to 0t o , e , hence we are still in 
the case of a totally semistable wall. Unlike in the previous case, we do have curves of 
S-equivalent objects that get contracted by wh,o'- there is a P 1 parametrizing extensions 

(14) ->■ Ox -4 F ->■ I T (H) -> 0, 

for any zero-dimensional subscheme r C X of length 4 contained in a curve C G |2?|. 
Case 3: s < —2. The nef cone Nef(M#(v)) is generated by 

v (w H , o ) = 9 V (2, (-2 + s)H, -2) and ^( Woo . H) o) = ^(0, -H, -1). 
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Indeed, in this case, we will always have both stable objects at a to >£ (by a dimension 
counting), and strictly semistable ones (corresponding to extensions as in (fl4l) . with T C 
X of length 3 - s). 

Finally, we proceed to give an explicit bound for the walls of the "Gieseker chamber" 
for any Mukai vector v, i.e., the chamber for which Bridgeland stability of objects of class 
v is equivalent to /3-twisted Gieseker stability. In principle, this has been well-known, as 
all the necessary arguments are already contained in [Bri08, Proposition 14.2]; see also 



[ [Bay09[ Proposition 4.1], HMYYllal Section 2], [ [LQllj Theorem 4.4]; the most explicit 



results can be found in [M acl2[ Sections 2 and 3] (with regards to a slightly different 
form of the central charge) and [IKawllll ; what follows is essentially a short summary of 
Kawatani's argument. 

We want to give a bound that is as explicit as possible for the form of the central charge 
given in ©. Fix a class (3 G NS(X)q, and let to vary on a ray in the ample cone. Given a 
class v G H^ (X) with positive rank and slope, Bridgeland showed that for uj ;§> 0, stable 
objects of class v are exactly the twisted-Gieseker stable sheaves; we want to give an 
explicit bound in terms of to 2 and f3, v that only depends on the Mukai lattice H* x (X, Z). 

Definition 8.9. Given divisor classes to, (3 with to ample, and given a class v = (r, c, s) G 
H* lg (X) with v 2 > —2, we write (r, cp, Sp) = e _/3 (r, c, s) and define its slope H w ,p{v) = 
l ^y- as in Section [51 equation ©, and its discrepancy S U) p(v) by 

( 15 ) °uA v ) = + 1+ o 2 — 

r 2 u 2 

Observe that rescaling u will rescale fj, u> p by the same factor, while leaving 5 Wj p invari- 
ant. A torsion-free sheaf F G Coh X is /3-twisted Gieseker stable if for every subsheaf 
G C F we have 

lh>A G ) ^ ^A F )i and 

vuA G ) = ^A F ) => $uA G ) > $uA F )- 

Combining the Hodge Index theorem with the assumption v 2 > —2 shows 

s_l + 1 H 4 _ v 2 + 2 

(V> ) iy £ ) ly — I iy"Z 



( 16 ) M«)>-fH + ^ = — + 1-.|>0. 



Given a class t> with r > 0, we can write the central charge of equation © as 

(17) -^(«) = WwA v ) + Tj = ¥^,/H w ) + TT - ! 7T^— + S u>A v ) 

r 2 r 2 2u z 

We now fix a class v G H^ (X, Z) with r(v) > and HuA v ) > ®- 
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Figure 1 . Destabilizing subobjects must have smaller 5 

Lemma 8.10. Assume u 2 > 2. Any class w E H* lg (X, Z) with r(w) > 0, < fj, Ut p(w) < 
f^wfliv) such that the phase ofZ U) p(w) is bigger or equal to the phase ofZ U) p(v) satisfies 

<WO) < <W0). 

Proof. By equation (fTTT ), it is evident that decreasing S Uj p(v) while keeping fj, u ^(v) fixed 
will increase the phase of the complex number Z u ^{v). The same equation also shows that 
objects with fixed 5 U ^ lie on a parabola, symmetric to the real axis, which intersects the 
positive real axis; in particular, increasing fi U) p(v) while keeping 5 U! p(v) fixed will also 
increase the phase of Z U} p(v); see also fig.[Q □ 

Definition 8.11. Define D v c H* lg (X, Z) as the subset 

{w : < r(w) < r(v),w 2 > -2,0 < ft u ,p{ w ) < Hu,p( v )>$uA w ) < <W( U )} ■ 

The set D v is finite: the Hodge Index theorem and r(w) 2 5 LU> p(w) < r{v) 2 5u,p( v ) bound 
the norm of the orthogonal projection of cp(w) to u) x C H & { (X)-^; the inequality < 
cp(w) < r(v)cp(v) bounds the projection of cp(w) to R • v; and, finally, w 2 > —2 and 
S u ,p(w) < S u> p(w) give bounds for sp(w). We also observe that D v does not change when 
we rescale co in the ray M >0 ■ u. 

Definition 8.12. We define fj, max (v) by 

max{/i Wj/3 (w) : w E D v } U 



/x ma » 



r(v) 



t*u,p(v) 



Lemma 8.13. 

2^ max (t>) 



r(v) + 1 

Let £ be a (3-twisted Gieseker stable sheaf £ with v{£) = v. If u 2 > 

2 + ^ p<rt-$°*{v) ^p( v )> then £ is z uj,fs-stable. 

Proof. Consider a destabilizing short exact sequence A <->■ £ -» B in A(u, f3) with 
</>u,p{A) > (f) W: p(£). By the long exact cohomology sequence, A is a sheaf. Consider the 
HN-filtration of A with respect to /i^/j-slope stability in Coh X, and let Ai, . . . , A n be its 
HN-filtration factors. Since A E A(co, (3) we have fi u< p(Ai) > for all i. Since the kernel 
of A — > E lies in T(u,(3), we also have /^^(Aj) < ji u ,p{Ax) < Hu,p{v). 
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Figure 2. Phases of Z(w), z and Z(v) 

By the see-saw property, we can choose an i such that ^^(Ai) > 4> UJ A V )- 
First assume jj, u> p{Ai) = H u> p(v), in which case i — 1. Consider the composition 
g : A\ *-} A — )■ £ in Coh X. If g is not injective, then ker g has the same slope jU W)/ g(ker g) = 
Hu],p(v)- Since ker (7 <->■ A factors via 1-L~ l (B) <->■ A, this is a contradiction to l-L~ l (B) e 
.F(a;,/3). However, if g is injective, Ax C 5 is a subsheaf with jU W)/ 8(Al) = ^^(S) and, 
by assumption and equation (flTl) , (^(Ax) < 8 Wt p{£). This contradicts the assumption 
that £ is /3-twisted Gieseker stable. 

We have thus proved fj, U) p(Ai) < ii Wt p(v). Let w G H* lg (X, Z) be the primitive class 
such that v(Ai) is a positive integer multiple of w. We claim that in fact fj, u ,fi{w) = 
fJ>u,0{Ai) < yU max (t>). In case r(w) < r(v), this follows from Lemma [8 .101 and the defini- 
tion of the set D v . In case r(w) > r(v) + 1, we observe 

u.cp{w) < Lu.cp(Ai) = $*Z(Ai) < ^sZ(A) < SZ(£) = u.cp{v) 

to conclude fi u ,p(w) < -^^ ■ fiuA v )- 

We conclude the proof with a simple geometric argument, see also fig. [H By equation 
(TT7T) . the phase of Z(w) is less than or equal to the phase <f>(z) of 



z ■= i^( v ) + Y' 1 



/i mH (u) 2 
2cu 2 ' 



We have 3f£j|f$* = ^Z(v) and 

/x max (t>) 2 /i max (w) V 2 / 2w 2 

and thus <£(z) < </>,,, «fv ). This leads to the contradiction 



>ujfi 



<j>uA E ) < <^(A) < <P{z) < <PuA s )- 



u 
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Corollary 8.14. Let v E H*-^(X, Z) be a primitive Mukai vector with v 2 > 2. Let u>, (3 e 
NS(X, R) be generic with respect to v, and such that r(v) > and u.cp{v) > 0. Let 
M u (v) be the moduli space of (3 -twisted Gieseker stable sheaves. Iffi max (v) is as given in 
Definition \8.12\ and u satisfies uo 2 > 2 + - — ^_,mLi-„^ u d{ v )' tnen 

9 v {wa t fi) C Amp(M H (v)). 

This bound does not depend on the specific K3 surface X, other than on its lattice 
H*^ (X, Z). We could also make it completely independent of X by considering the full 
lattice H*(X, Z) instead of H* lg (X, Z) in Definition HHJ 

9. HlLBERT SCHEME OF POINTS ON K3 SURFACES 

In this section, we study the behavior of our nef divisor at walls for the Hilbert scheme 
of points on a K3 surface. Its walls in Stab(X) have been described partly in HABL071 
section 3], and the arguments are identical as in the case of P 2 treated in [AB CH12H . 

Let X be a K3 surface surface with Pic(X) = Z • H , where H is an ample line bundle. 
We set H 2 = 2d for some d 6 Z, d > 1. As in the previous section, we write a tt b = &w,/3 
for for u = tH, t > and (3 = bH. Let v = (1, 0, 1 - n). Then for t > and b < we 
have M t , b (v) := M atb {v) = Hilb n (X). We will denote by H C Hilb n (X) the divisor of 
subschemes intersecting a given curve C in the linear system \H\, and by 2B C Hilb n (X) 
be the divisor of non-reduced subschemes; H and B are a basis for NS(Hilb n (X)). 

Example 9.1. One wall of the Gieseker chamber is always b = 0: In this case Z(Iy) 6 
IR >0 for all Iy E Hilb n (X), and the following short exact sequence in V(0) makes I Y 
strictly semistable: 

->■ O y [-1] ->• I Y ->■ O x -> 

Further, considering the filtrations of Oy, Oy by skyscraper sheaves of points, we see 
that I Y and Iy are ^-equivalent if and only if Y, Y' define the same point in the Chow 
variety. It follows that the corresponding nef divisor l t >0 contracts exactly the curves that 
are contracted by the Hilbert-Chow morphism, and l tj0 ~ H . 

If (7t,+ e is a stability condition across the Hilbert-to-Chow wall, then the moduli space 
M tt+e (v) — Hilb n (X) is unchanged, but the universal family is changed: the object Iy is 
replaced its derived dual WHomiOx , Iy) [1]. This change affects the map i in such a way 
that the image of a path crossing the Hilbert-to-Chow wall in Stab(X) will bounce back 
into the ample cone once it reaches the ray [H] C NS(Hilb n (X)). 

Example 9.2. Next, we consider the path a t ^ b with b = — 1 — e as £ G (0, +oo) varies; here 
e > is fixed and sufficiently small, and such that there exists no spherical object U with 
QZ t>b (U) = 0. Let to be such that Z t0>b (O(—H)), and Z tihb (v) have the same phase. A 
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direct computation shows t = J\ + 0(e), and that for t > t , the phase of Z t)h (0(—H)) 

is bigger than the phase of Z t ^ b {v). 

We claim that for t > to, any ly e Hilb"(X) is stable. Consider any destabilizing 
subobject A C ly in At,b = A(u> = H, /3 = —H — eH); by the long exact cohomology 
sequence, A is a torsion-free sheaf. As in the proof of Lemma 18.131 consider any slope- 
semistable sheaf Ai appearing in the HN-filtration of A with respect to ordinary slope- 
stability. If we write v(AA = (r, cH, s), we have r > and 

$*Zt, b (Ai) = t-2d-(c + r + re) 

We must have 

QZt^Ai) < 3Z t)6 (iy) = t ■ 2d ■ (1 + e) 
and hence c + r < 1, or c < —r. This implies 

%Z tjb (Ai) <t-2d-re. 

Unless At = 0(—H)® r , the stable factors of Ai have rank at least two, and thus 6t,b{Ai) > 
|, where S t ,b = S t H,bH is given in Definition 18.91 The same computation that lead to 
equation (fTTT) then shows 

This shows that for t > t , the object A, has strictly smaller phase than ly, and so ly is 
stable for t > t . 

On the other hand, whenever there is a curve C G \H\ containing Y , the short exact 
sequence 

-► 0{-H) ^I Y ^ O c (-Y) ->■ 

will make ly strictly semistable for t = to. 

This wall is totally semistable when such a curve exists for any Y, that is if and only 
if n < h (O(H)) — d + 1. To determine whether this is a fake wall or corresponds to 
a wall in the nef cone, we would have to determine whether there exists a curve of S- 
equivalent objects. Rather than answering this question in general, we just observe that 
if there exists a curve C E \H\ for which there exists degree n morphism g\: C — > P 1 , 
then the pullbacks (<j£)*(— x) for x £ P 1 give a family of subschemes Y C C for which 
Oc(— Y) is constant. Thus the corresponding family of ideal sheaves ly have a filtration 
into semistable factors with constant filtration quotients, and hence they are S-equivalent. 

By HLaz861 Corollary 1.4] and general Brill-Noether theory, a g\ exists for any smooth 
curve Ce \H \ if and only if n > ^. 

Proposition 9.3. Let X be a K3 surface with Pic X = Z ■ H , and n > ^-. The nef cone 

2d 



ofH\\b n (X) is generated by H and H - jr^B. 
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Proof. The previous discussion shows that under the assumptions, the nef divisor £ t0:b 
contracts curves, so it lies on the boundary of the nef cone. To determine its class, let 
R = P 1 be one of the contracted curves. Since C intersects a general element in \H\ in 
2d points, and since the linear system given by R will vanish at each point exactly once, 
we have R.H = 2d. On the other hand, R fl 2B is the ramification divisor of the map 
g\: C — > P 1 ; the Riemann-Hurwitz formula gives R.2B = 2d + 2n. Since Rl„ = 0, this 
implies the claim. □ 

For n sufficiently big, the same result could possibly be obtained using the technique of 
/c-very ample vector bundles; see HABCH121 Section 3] and references therein. 

The recent preprint IICK12II discusses the existence of Brill-Noether divisors on nor- 
malizations of curves with 5 nodes in the linear system \H\; the authors conjecture that 
these produce extremal curves of the Mori cone, see [|CK12[ Conjecture 8.7]. The above 
Proposition proves their conjecture in the case 5 = 0; hence it would be interesting to see 
whether Brill-Noether divisors on nodal curves could also produce curves of ^-equivalent 
objects for different walls in Stab(X) (in the case n < ^-)- 

Remark 9.4. The Beauville-Bogomolov form, along with the pairing A^!(Hilb n (X)) x 
A^ 1 (Hilb"(X)) -» R, induces an isomorphism Ni = {N 1 ^ = N 1 . Since 0„(O, -H, 0) = 
H and 0^(1, 0, n — 1) = —B, the Beauville-Bogomolov pairing is determined by 

H 2 = 2d, B 2 = -In + 2, and (H, B) = 0. 

(See also HHTlOi Section 1].) Thus, the computation in the proof of Proposition l93l shows 
that the isomorphism identifies R with H + -^z^B. So the self intersection of R (with 
respect to the Beauville-Bogomolov form) is given by 

(h, fl ) = & + ( i±»V b> = 2d - <^£ = -a±± + < d + w* - d - 3 > 



2n-2J 2n-2 2 2n - 2 

As pointed out to us by Eyal Markman, this does not seem fully consistent with a conjec- 
tural description of the Mori cone by Hassett and Tschinkel, see [HT10, Conjecture 1.2]. 
While n > ^- implies (R, R) > —^^ in accordance with their conjecture, in general 
the Mori cone is smaller than predicted. Let h, b be the primitive curve classes on the rays 
dual to H, B; they are characterized by h.H = 2d, b.B = 1 and h.B = b.H = 0. Our 
extremal curve is give by R = h + (d + n)b. If we let R = h + (d + n + 1)6, then 

/-ft -ft\ r. , (d + n + l) n + 3 _ 

(R,R) = 2d-- —> forn>0 

v ' ; 2n-2 2 

R.(H-eB) >0. 
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However, since R. (H — -jr^B j < 0, the class R cannot be contained in the Mori cone, 

in contradiction to HHT101 Conjecture 1.2]. The smallest example is the case d = 2 and 
n = 5 and R = h + 8b, which had been obtained earlier by Markman, [Marl 2]. 

Example 9.5. The previous example considered the case where n is large compared to the 
genus. Let us now consider a case where the number of points is small compared to the 
genus, where d = k 2 [n — 1) for some integers k > 2. 

With the notation as in the previous examples, we now consider the path of of stability 
conditions a t _ i for t > 0. Then we are in the situation of Example 18.71 with A = k 

' k 

and B = — 1; more specifically, since ^- is not an integer, we are in Case 1, and the 
moduli space M a 1 (v) is isomorphic to the Hilbert scheme Hilb n (X) for all t > 0. 

t '~ k 

Markushevich and Sawon proved the following result: 

Theorem 9.6 ( HMar061[Saw07l ). Let X be a K3 surface with Pic X = Z ■ H, H 2 = 2d, 

and d = k 2 {n — l)for integers k > 2, n. 

(a) Nef(Hilb n (X)) is generated by 

0Ko.ff,-i/k) = 0(0, -H, 0) = H and e{w . H ,-i/k) = 0{k, -H, (n-l)k) = H-kB. 

(b) All nef divisors are semi-ample. The morphism induced by Woa-H,-i/k is the 
Hilbert-to-Chow morphism, while the one induced by WQ.H,-i/k is a Lagrangian 
fibration. 

The fact that w^.n-i/k induces the Hilbert-to-Chow morphism follows in our setup 
simply from the equality w^.u-i/k = w fft . H0 and Example [97T1 

To reprove the existence of the Lagrangian fibration, we can proceed exactly as in 
HSaw07L except that Bridgeland stability guides and simplifies the arguments: indeed, 

since w 2 „_ A =0, Lemma I6T21 shows that the moduli space Y := M a 1 (—Wq-h -i/k) is 

U '- H> k t ~k 

a smooth K3 surface. Let $ denote the induced Fourier-Mukai transform $: D b (X) — > 
D b (Y, a); then $(u) has rank 0. Since Z t _ i (— w .h -ilk) e ^<o ? of points on Y are 

' k 

$(<x f _ i ) -stable of phase 1; hence the stability condition $(cr t _i) is again of the form 

afj -s constructed at the beginning of Section |5] up to the action of GL 2 (R). Since 
^sZ tH _i H {v) is minimal, this has to be true also for ^sZ^ « (<&(v)). But then, since the 

rank of $(u) is zero, this implies that (3 t — ]3 is constant in t and H t = u(t)H, for 
some function u(t). We claim that for t i— > 0, we have u(t) H- oo. Indeed, for t i->- 0, 
we must have either u(t) >-)■ 0, or u(t) *-$■ oo, and if u(t) i-> 0, then, by Lemma \&~2\ 
w oh B 7^ (^' 0' i )' wn i cn is a contradiction. 

Hence, for £ H- 0, we are via $ in the Gieseker chamber of Y. It follows that the moduli 
space M fftb {v) = M$/ fftb \(^(v)) is isomorphic to a moduli space of twisted Gieseker 
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stable sheaves of rank 0; as is well-known and discussed in Example IQ1 the latter admits 
a Lagrangian fibration. 

Example 9.7. The Hilbert scheme of n points admits a divisor D with q(D) = if and 
only if h 2 d = k 2 {n — 1) for integers h, k. The "Tyurin-Bogomolov-Hassett-Tschinkel- 
Huybrechts-Sawon conjecture" would imply that in this case, the Hilbert scheme admits a 
birational model with a Lagrangian fibration; we refer to [IVerlOU for some discussion of 
the history of the conjecture, and [BealOJ for some context. 
We now consider the first unknown case: 

Theorem 9.8. Let X be a K3 surface with Pic X = Z ■ H and H 2 = 2d. Assume that 
there is an odd integer k with d = K-{n — ■ I) for some integer n. Then: 

(a) The movable cone Mov(Hilb n (X)) is generated by 

°(Woc-h -I.h) = 9 (°' ~ H > °) = H, and 

' k 

0{w o . H _i. H ) = 9{k, -2 ■ H,(n- l)k) = 2H - kB. 

(b) The morphism induced by w^.H^i/k is the Hilbert-to-Chow morphism, while the 
one induced by WQ.H,-2/k is a Lagrangian fibration. 

(c) All minimal models for Hilb n (X) arise as moduli spaces of stable objects in 
D b (X) and their birational transformations are induced by crossing a wall in 
Stab f (X). 

Proof. We consider the family of stability conditions a t _ 2 for t > 0. As in the previous 



fe 



case, the stability condition a t _ 2 exists for all t > 0, since ^p- ^ Z. As before, we will 



k k 

study the wall-crossing for the moduli spaces Af CT 2 (v) for v = (1, 0, 1 — n 



t>— - 



Proceeding as in Example 19.51 we consider the smooth projective K3 surface Y : = 
M a 2 (—w . H -2/k-H) and the induced Fourier-Mukai transform $ : D b (X) — )■ D h (Y, a). 

The assumption d — \{n — 1) implies that $(f ) has rank 0, and the same computation as 

above shows that t 1— > on X corresponds to t — >■ +00 via $; in particular, for t <C 1 the 

stability condition a t _ 2 is in the Gieseker chamber of Y for $(u); thus M := M a 2 (v) 

' k e ~k 

admits a Lagrangian fibration, as discussed in Example 18.31 

This also shows that this path meets walls only at finitely many points i 1; . . . , t m E R. 
Denote the moduli stacks of stable objects by Wli := 3Jl CTf . +e _ 2 (t> ), and their coarse mod- 
uli spaces by Mj. By the results in Section |6l each M, is a smooth irreducible projective 
variety for dimension 2n. We will first prove by descending induction on i that Mj is 
birational to the Hilbert scheme Hilb n (X) = M m+i ; this will prove claims (ja} and ©. 

Let (Zi, A) — <y% — cr t . _2 be a stability condition on one of the walls. We want to show 
that the set of crj-stable objects of class v is non-empty. 
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Note that $*(Z t ) G ~2dt ■ Z and $X(Z t (v)) = \Adt for all t G E. Thus, if an object 
E G SDtj+i is strictly cri-semistable, then it fits into a short exact sequence A °->- E -» B 
in .4. where A, B are stable of the same phase, and satisfy 

(18) ^{Zi{A)) = $S{Zi{B)) = hdU 

(In fact we have Zi(A) = Zi(B) = \Zi{v), and there are only finitely many classes 
v(A),v(B) that are possible, see e.g. [Tod08, Lemma 3.15].) Mukai's Lemma, see 
HMuk871 Corallary 2.8] and nBri08l Lemma 5.2], shows that 

(19) ext 1 ^, E) > ext 1 (A, A) + ext^-B, B). 

Since A ^ B are stable and of the same phase, we have Hom(A, B) = = Hom(£>, A) = 
Ext 2 (A,B)andthm-(v(A),v(B)) = x(A, B) = -ext 1 (A, B); in particular, eort 1 ( A B) 
is constant as A, B vary in their moduli space of stable objects. Since A, B, E are simple, 
the bilinearity of x then gives 

(20) 2ext\A, B) = 2 + ext\E, E) - ext 1 (A, A) - ext 1 (B, B). 

We can distinguish two cases: 

(a) (v{A),v{B)) =ext 1 (A,B) = 1. 

(b) (v(A),v(B)) =ext\A,B) > 2. 

In case (|b]), the point on M i+1 corresponding to E lies on a rational curve: by Lemma 
18.61 each of the extensions parametrized by PExt 1 (A, B) is cr t . , _ a -stable. As M i+1 is 
^-trivial, it is not covered by rational curves; this means that a generic object E G Tl i+ i 
cannot be destabilized by objects of classes v(A),v(B). 

We will now proceed to show that case flU) cannot appear. This will imply that there is 
an open subset U C 9Jtj+i of objects that are still stable on the wall at cri, and thus U gives 
a common open subset of M iy M i+ \, inducing a birational map. 

So assume we are in case (ja]). Then ext 1 (yl / ,_B') = C will hold for any pair A' G 
Wl ai (v(A)), B' G Dyi ai (v(B)). By Lemma [831 the objects E' corresponding to the unique 
extension A' c -¥ E' -» B' will be o t +g _2 -stable; thus the universal family of extensions 
over Wl a .(v(A)) x 9Jt CTi (v(S)) induces an injective morphism 

M ei (v(A)) x M ai {v{B)) ^ M i+1 

However, equations (fT9l and (|20l) also show that in case fla]) we have ext 1 (E, E) = 
ext 1 (y4, A) + ext 1 (B, B), in other words the above morphism is an injective morphism 
between projective varieties of the same dimension. As each Af i+1 is an irreducible holo- 
morphic symplectic variety, this is a contraction unless one of the moduli spaces on the 
left is a point, i.e., unless A or B is a spherical object. 

Let £ be the Mukai vector of this spherical object. Then £ 2 = —2 and the assumption 
of case fla]) implies (v — £, £) = 1, and so (i>, £) = — 1. If u = (0, tt, 1 — n )> men 
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^sZ t (_) = t(u,_), and so equation (fl~8l) implies (u, £) = \{u, v) = ~(n — 1). By Lemma 
I9.9L such a class £ G H*^(X, Z) does not exist. This finishes the proof of claims (jaj) and 
©. 

It remains to prove claim flc]). By the previous part, wall-crossing induces a chain of 
birational maps 

M — » Mi — » * M n = Hilb"(X) 

As each Mj is a smooth i^-trivial variety, the moduli spaces are isomorphic outside of 
codimension two, and thus we can canonically identify their Neron-Severi groups: 

NS(M ) = NS(Mi) = • • • = NS(Hilb n (X)). 

Theorem 14. 1 I produces maps If. Ii — > A^ 1 (Hilb n (X)), where I = (0, to], I\ = [t , ti], etc. 
By Lemma l9. lOl below, the maps k, l i+ \ agree on the overlap tf, hence they produce a con- 
tinuous path I: (0, +oo) — >• NS(Hilb n (X)) with starting point at a Lagrangian fibration, 
and endpoint at a divisorial contraction. Since Hilb n (X) has Picard rank two, this path 
must hit the nef cone of any minimal model of Hilb n (X) . □ 

Lemma 9.9. Let X be K3 surface with assumptions as in Theorem 19.81 Let u,v G 
H* lg (X, Z) be given by v = (1, 0, 1 — n) and u = (0, y, 1 — n). Then there exists no 
class £ G H*y (X, Z) satisfying the following three equations: 

(«,£) = — - — and (v,£) = — 1 and £ =—2. 

Proof. Observe that v 2 = 2n — 2, that (u,v) = n — 1 and w 2 = |f = |(n — 1). Hence the 
orthogonal complement of w and v is given by (M. ■ u + K. ■ t> ) = R ■ (2u — f ) C iJ*j (X)k. 
As £o — (|, 0, |(n + 1)) satisfies the linear equations of the Lemma, any solution to the 
linear equations above is given by £ = £ + a(2u — v). Since the rank of £ must be integral, 
we have a G ~ + Z. 

Using £q = — |(n + 1) and (£ , 2n — t>) = n as well as (2n — f ) 2 = 0, we obtain 

£ 2 = -2<^(4a-l)-n= -3. 
As 4a G Z, this is a contradiction to n > 5. □ 

Lemma 9.10. Le? X be a projective K3 surface, and let v G H*± JX, Z) ^e a primitive 
class with v 2 > —2. With notation as in Theorem \1.4\ assume that there there exists 
a a -stable objects of class v; identify the Neron-Severi groups of M± by extending the 
birational morphism M + --- » M_ induced by the common open subset M* (v) to an 
isomorphism outside of codimension two. 

Under this identification, we have an equality Z ,+ = ^o,- m iV 1 (M + ) = N X {M_). 

The proof is based on the notion of elementary modifications in derived categories, 
introduced by Abramovich and Polishchuk. 



PROJECTIVITY AND BIRATIONAL GEOMETRY OF BRIDGELAND MODULI SPACES 45 

Proof. First note that since M± are ^-trivial, there exists a common open subset V C 
M± that contains M* and has complement of codimension 2; this gives the identification 
of the Neron-Severi groups. 

We can normalize the stability condition a = (Z , P ) such that 93T± parametrizes 
families of cr -semistable objects of phase 1; we can also assume that a is algebraic. 

Since M± are projective, Z ,± are determined by their degrees on smooth curves that are 
contained in V and intersect M^ o (t>); let C C V be such a curve, and let U C C be the 
open subset CDM^ o (if). Since the Brauer group of a curve is trivial, there exists a universal 
family S + on C, corresponding to a lift C — y Wl a+ (v) of the map C <— y V <— > M+. 
Similarly, we obtain a family £_ via the embedding C <->■ V <— y M_. We can choose 
£± such that S + \u — £-\u- Using further twists by a line bundle, we can assume that 
this isomorphism extends to a morphism <\>: £ + — > £_ (this follows, e.g., from HLie061 
Proposition 2.2.3]). 

We can think of £± as flat families of objects in 'Po(l)- It is proved in [AP06, Lemma 
4.2.3] that the morphism can be given by a sequence 

8+ = £ -y £i ->■ y £ k = £- 

of "elementary modifications" S-^i — y £{. this means that there is a point q G C — U, an 
object Qi E "Po(l) such that ^j_i fits into the short exact sequence 

(This is proved in HAP061 Section 4.2] in the case of a smooth affine curve, and U the 
complement of a point, but the proof extends directly to our case.) 
Since QZ (Qi) = 0, we obtain 

l ,..C = %Z ((p x )*£_) = %Z ((p x )*£ + ) + Y,%Z m = k+-C 



as claimed. □ 

Example 9.11. Finally, let us point out that in the case of the Hilbert scheme of n points 
on an abelian surface T of Picard rank one, Yanagida-Yoshioka and Meachan (in the case 
of a principally polarized abelian surface) have obtained examples with an infinite series 
of walls inside the subset U(T) of "geometric" stability conditions; see HMeal21 Section 
4] and HYY12[ Section 5 and 6]. Their examples have in common that each series of walls 
contains an infinite sequence of bouncing walls, corresponding to divisorial contractions. 
Between two bouncing walls, there may be finitely many flopping walls; the corresponding 
line bundle l a will traverse finitely many birational models of Hilb". 
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